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J21314-001 

Klinkerman R.V. 

INFORMATION EXCHANGE BY MEANS OF SEPARATE COMPLEX 

PHOTONS 

Branch of Siberian Federal University,  

Krasnojarsk region, Zheleznogorsk, 

Kirova st, 12a, 662971 
In this paper we try to motivate the possibility of information transmission by 

means of individual complex photons. The characteristic features of the transfer, in 

particular, its large penetration and weak determination are considered. Assumptions 

are made about the approaches to experimental verification of the phenomenon 

        Key words: photon, angular momentum, projection of the momentum, the 

wave function, information, quantum, spectrum. 

The usual exchange of information through an electromagnetic field is produced 

using: 

• sufficiently strong signals as a stream of numerous photons, 

• the most simple dipole radiation. 

The question arises: is it possible to transmit information by generating complex 

photons that carry information inside? But the literature shows only a theory of 

multipole photons radiation with the assumption that the photon wavelength is much 

larger than the size of the radiating system [1, 2]. 

It covers the following types of photons. 

Photon in a state with angular momentum j and parity ( ) j1- is called j2 -pole photon 

of electric type. For example, for j = 1 it is the dipole photon, for j = 2 quadrupole, for 

j = 3 oktopole, etc. When parity ( ) 11 +- j , the photon is j2 -pole magnetic type. 

If..we..write: 

a - the size of the emitting system, 

λ..wavelength, 

then the probability of photon emission is roughly proportional 
ja 2

÷
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       Thus, with increasing j by 1 emission probability decreases in  times. 

More precisely, the probability of radiation depends on the projection of 

momentum M on any axis of the coordinate system, for example, Z. 

In respect of such radiation an interesting paradox raises, referring generally to 

the quantum theory. The fact that the photon has a specific angular momentum and its 

projection, is reflected in the angular structure of its wave function as it propagates 

through space. For example, a photon with j = 1, and the absolute value of the 

projection | M | = 0 has a spatial structure 

 

)1(cos
8
3 2 -q
p  , 

 where  - the angle between the Z axis and the direction of propagation of the 

wave. 

Photon with j = 2 and | M | = 1 has the structure 

 

)1cos3cos4(
16

5 24 +- qq
p

   etc. 

        Thus photon inflates in the speed of light with different weights in different 

rays. But when it meets the material object far away from the source and the wave 

function collapses in the spirit of von Neumann, will the photon impact on the object 

have its L and M, i.e. the same characteristic that it received when it was radiate? If, 

for example, a photon was quadrupole, whether its impact on the remote object will 

quadrupole? 

         The answer to this question is yes, because of the law of conservation of 

angular momentum and energy. When an atom absorb a photon in their interaction it 

will be sum L, M, energy of the photon and the atom. If the photon is scattered by an 

atom the sum of the initial photon and atom j is equal to a finite sum. Also it is in 

respect of M and energy. Of course, the addition is carried out by quantum-

mechanical rules. [4] 
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It is known that the emitters of multipole γ-photons are nucleuses formed after 

α- or β-decay in the excited state [3]. It is firmly established that in experimental 

investigation of γ- the radiation one can determine a nuclear parity and spin. Thus, in 

the detection of a photon become known the characteristics obtained during radiation. 

Transmission of information takes place. 

One must also bear in mind that the impact of the photon to an object does not 

depend on the distance between the source and the object; on this distance depends 

only the probability of a photon hitting an object (the inverse square of the distance). 

To reflect the structure of a complex system with a photon there should be λ<< 

a. If we formally use the above estimates, the probability of radiation should be very 

large. Since in practice this is not observed, it is clear that this theory is unsound. But 

there is no reason to assume that this radiation does not exist 

Since with a>>λ one emitted photon covers a lengthy and complex structure of 

the radiator, apparently in order to radiate that photon the whole structure must have 

one wave function, or at least a density matrix that it is close to the square itself. This 

occurs in discussed above a condition a <<λ, but now photons is not monochromatic, 

they contains harmonic spectrum - according to the complexity of the radiator. 

What must be the receiver of the radiation? Apparently, it must have a structure 

similar to the structure of the radiator, and also to be covered by a single wave 

function. Therefore, the emitted photon will pass easily through the material until it 

hits a suitable structure and extensive wave function. In accordance with the idea that 

a photon is a particle, it is expected that it will transmit the complex structure of the 

radiator to the receiver. 

These terms and conditions for emission and perception of a complex photon 

most naturally are realized in living organisms, with the central nervous system, as 

just such a system realize the unity of the body and, therefore, the wave functions that 

cover large areas. For experimentation on non-living objects the most suitable 

conditions appear in the cryogenic area, close to absolute 0 - it can be expected that 

matter will be covered with single wave function. For radiation start it may be needed 

a quick warm-up. 
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      A characteristic feature of the outlined information exchange is its weak 

predictability. Emission and reception of information shall be at the quantum level, 

but at this level you can only predict the probability of the event, but not the event 

itself. That is why the phenomenon of telepathy not respond or almost not respond to 

the will of man. 

And whether this phenomenon is the fact? In the literature you can find plenty of 

evidence. The author himself had an experience that can not be explained by 

something else. 
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AND PROPERTIES OF MODIFIED EPOXY POLYMERS 
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We study the influence of the intensity of constant external magnetic fields on 

the structure, thermal properties, and electric conductivity of composites based on 

ED-20 epoxy resin and one of the metal oxides (Al2O3 or Fe2O3). It is shown that, 
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under the action of the magnetic field the densities of the initial epoxy polymer, the 

composites based on this polymer, and one of the metal oxides (Al2O3 or Fe2O3) 

increase, which, in turn, affects the other properties of these compounds, in 

particular, their specific heat and conductivity. 

Keywords: magnetic field, composite, structure, specific heat capacity, conductivity. 

Polymer composites are able to meet the requirements for materials that possess 

the necessary functional properties [1]. 

Epoxy polymers (EP), which are characterized by high thermal stability and 

great adhesion to various materials (metals, glass, ceramics, etc.) are widely used in 

the national economy [1]. Providing EP other functional properties (electrical 

conductivity, thermal conductivity, magnetic properties) provides input to their 

significant concentrations of metallic filler that is accompanied by deterioration of 

mechanical properties [2–5]. Formation of modified EP under their hardening under 

the influence of a constant magnetic field (CMF) allows to obtain polymeric 

materials with specific functional properties at a much lower content of metallic filler 

by streamlining their structures by the orientation of the polymer chains and the filler 

particles [6–9]. Despite the great potentialities and prospects of practical application 

EP, the issue of regulation of their structure in magnetic fields far from being 

resolved. 

The aim of the present work is to study the influence of the CMF intensity on 

the structure, specific density, and dielectric properties of the composites based on 

the epoxy polymers and fillers (Fe2O3 or Al2O3). 

Material and Procedure of Investigations 

We study composites obtained on the basis of ED-20 epoxy resin (ER) (GOST 

10577-84; produced in Russia). For curing, we use triethylenetetramine (produced by 

the RIAP Plant, Ukraine). The role of the filler is played by highly dispersed powders 

of Fe2O3 and Al2O3 (with particles of ~200 nm in size). Prior to mixing with resin, the 

Fe2O3 (TU 6-09-1418-78) and Al2O3 (TU 6-09-426-75) oxides were dried in a 

vacuum at T = 373 K for 24 h. Their fraction in the composites is equal to 3 vol.% (in 

what follows, we simply write 3%). According to results of investigations carried out 
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in [10], this corresponds to the state of formation of a filler cluster in the structure of 

the polyepoxy network. 

The EP–3% Fe2O3 and ER–3% Al2O3 composites were prepared by using the 

procedure described in [10] with the only difference that the specimens were cured in 

a CMF of constant intensity H = (2, 3, 6, 8) × 105 A/m. 

The temperature dependences of the specific heat of the composites were studied 

by the method of differential scanning calorimetry (DSC) [11]. The tests were carried 

out in a quasistationary mode at a rate of heating of a calorimetric block of 2.0 ± 0.1 

K. The bulk resistance ( Rv ) was measured with a E6-13A teraohmmeter (direct 

current with a voltage of 10 V on the electrodes) in conformity with GOST 22372-77. 

The relative measurement error did not exceed 2.5%. The specific densities of the 

epoxy polymer and composites based on this polymer were measured by the method 

of hydrostatic weighting of composite specimens [12]. The error of the method is ± 2%. 

Results and Discussion 

As follows from Tab. 1, the densities of the epoxy polymer and its compositions 

with aluminum and iron oxides exhibits a trend to increase with the CMF intensity. 

At the same time, by analyzing the densities of the epoxy resin and the composites 

based on this polymer, as well as the specific densities of Al2O3 and Fe2O3 oxides    

(ρ = 3.97×103 and 5.24×103 kg/m3, respectively) [12], we can conclude that the 

physical properties of these compounds affect the character of their interaction with 

polymeric matrix and, hence, the specific density of the composite. 

Table 1. 

Dependences of the densities of the epoxy polymer and the ER–3% Fe2O3 

and ER–3% Al2O3 composites based on this polymer on the CMF intensity 

 
H, A/m 

310-×r , kg/m3 

ER-20 ER–3% 
Fe2O3 

ER–3% 
Al2O3 

0 1,1588 1,2255 1,1917 
2·105 1,1575 1,2655 1,1983 
4·105 1,1622 1,2536 1,1980 
6·105 1,1595 1,2626 1,2026 
8·105 1,1636 1,2574 1,1983 
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          In Fig. 1, we present the plots of the temperature dependences of the specific 

heat capacities of the epoxy polymer, ER–3%Al2O3 and ER–3%Fe2O3 composites, 

and their analogs cured in the CMF. It is worth noting that the results of 

investigations of the specific heat capacities and specific densities of the analyzed 

specimens are in complete agreement (Fig. 1 and tab. 1). The comparison of the 

thermograms of the ER–3%Al2O3 and ER–3%Fe2O3 composites reveals the increase 

in the number of temperature transitions with more intense heat absorption in the ER–

3%Fe2O3 composite. This agrees with the conclusion made in [10] that the interaction 

of Fe2O3 with polar groups of the epoxy polymer runs according to the coordination 

mechanism. 

Thus, it is necessary to clarify the influence of low-intensity CMF on the density 

of the investigated specimens. It is shown (see Fig. 1, curves 1′–3′ ) that, under the 

action of CMF, the processes of orientation of the dipole groups in the structure of 

the matrix polymer and the systems of dipoles formed by the metal oxides strongly 

restrict the kinetic mobility of the segments of macrochains of the epoxy polymer. As 

a result, the temperature dependences of Cp for these specimens with different 

compositions are quite close. 

 
Fig. 1. Temperature dependences of the specific heat capacities of: (1) the 

epoxy polymer, (2) ER–3%Al2O3 composite, (3) ER–3%Fe2O3 composite, and 

their analogs (1′–3′ ) cured for the CMF intensity H = 2×105 A/m 
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In Fig. 2, we present the results of investigation of the dependences of Cp on 

temperature and the CMF intensity for the ER–3%Al2O3 and ER–3%Fe2O3 

composites. The comparison of the curves for the composites with different systems 

of dipoles (O – Al – O – Al – O and O – Fe – O – Fe – O) and their interaction with 

the field whose intensity continuously increases shows that the structures of the 

composites (their changes are induced by the magnetic field) become similar upon 

the attainment of a certain value of H. The similarity of the influence of the low-

intensity field with H = 2×105 A/m on the specific heat capacities of the composites 

(Fig. 2) enables us to conclude that the active role is played by the dipole complexes 

of oxides only in the initial stage of reorganization of the structures of composites. At 

the same time, for higher values of H, the role played by the magnetic (ferro- or 

diamagnetic) properties of particles of the filler becomes more important. This is 

confirmed by the fact that the orientation influence of the field via the complex of 

dipoles O – Al – O – Al – O on the value of Cp of the composite is twice weaker than 

via the complex of dipoles O – Fe – O – Fe – O. As H increases, the heat capacity of 

the composite with diamagnetic filler changes, in fact, within the reliability limits 

(Fig. 2a, curves 2, 3, and 5), excluding the specimen obtained at H = 6×105 A/m for 

which the form of the function Cp = f ( T, H ) is similar to the plot constructed for the 

original composite (Fig. 2a, curves 1 and 4). 

 
    a                                                                                b 

Fig. 2. Temperature dependences of the specific heat capacities of 

specimens of the ER–3%Al2O3 (a) and ER–3% Fe2O3 (b) composites cured for 
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different CMF intensities: (1) H = 0 A/m, (2) H = 2×105 A/m, (3) H = 4×105 A/m, 

(4) H = 6×105 A/m, (5) H = 8×105 A/m. 

 

However, the main conclusion that can be drawn from the presented results is 

that the application of constant magnetic fields is an efficient method for the 

modification of polymeric composites. Moreover, this conclusion remains true for the 

composites based both on linear [13–15] and cross-linked polymers.  

The temperature dependences of the conductivities of the investigated 

composites are presented in Fig. 3. These results are of great importance for two 

reasons. On the one hand, the comparison of the curves shows that the thermal 

diffusivity of the epoxy polymer (dielectric) filled with Fe2O3 or Al2O3 increase by 

3.5–4 orders of magnitude. On the other hand, the conductivity of the ER–3%Fe2O3 

composite increases by about two orders of magnitude as the CMF intensity 

continuously increases. The ER–3%Al2O3 composite is also more sensitive to 

changes in the CMF intensity, which additionally confirms the jumpwise mechanism 

of its conductivity. In our opinion, the fact that this composite may increase its 

conductivity by about an order of magnitude as the magnetic-field intensity changes 

under the conditions of uniform heating is explained by the lower ability of aluminum 

oxide to form complexes with participation of the donor–acceptor groups of the 

polymeric matrix (as shown in [10]). In this case, the dipole complexes of Al2O3 form 

less deep traps than the ligand complexes with participation of Fe2O3. 
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     a                                                                                                   b  

Fig. 3. Influence of the CMF intensity on the conductivity of the ER–

3%Al2O3 (a) and ER–3%Fe2O3 (b) composites: (1) H =0 A/m, (2) H = 2×105 A/m, 

(3) H = 4 ×105 A/m, (4) H = 6×105 A/m, (5) H = 8×105 A/m. 

 
 

 
Fig. 4. Influence of the nature of the filler and CMF intensity of the 

conductivities of the ER–3% Fe2O3 (1) and ER–3% Al2O3 (2) composites at T = 

298 K 

 

In analyzing the results of investigations of the electric conductivity of the ER–

3%Al2O3 and ER–3%Fe2O3 composites formed in CMF, it is necessary to study their 

conductivities at 298 K (Fig. 4). As the CMF intensity continuously increases, the 

conductivities of the composites increase by 1–2 orders of magnitude. Thus, by using 

these metal oxides together with constant magnetic fields, one can endow the 
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analyzed dielectrics with certain conductivity, which enables us to use these 

composites as temperature gages (as the temperature of the specimens changes) or 

develop guard systems on the basis of these materials. 

Thus, by using constant magnetic fields, one can affect the structures of the 

composites based on the epoxy polymer and Fe2O3 or Al2O3 and make predictable 

changes in the density of the composites which, in turn, leads to changes in their 

properties, in particular, in the specific heat capacity and conductivity. 
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At this paper the problem of small vibrations of a flexible rod within its 

differential model concerning reached configuration as a result of nonlinear static 

deformation is formulated. 

Keywords: thin rod, small vibrations 

On the basis of the equations of a nonlinear statics of a curvilinear rod [1] or the 

equations of nonlinear dynamics [2] it is possible to obtain the system of the 

equations of small vibrations near a reached deformed equilibrium state. There are 

two ways which lead practically to one result. 

The first way is classical [3]; on the basis of the equations of statics derive the 

equations in deviations. As a result of the small deviation, all twelve functions 

, , ,i i i iU Q Mw  will receive small increments , , ,i i i iU Q MwD D D D . Here 

( ) ( ), ,k kU t U t ix x=
r

r

 is vector of displacements; kU  are its projections to orts of global 

system of coordinates with basis 1,2,3i
r

; k kiw w=
r

r  is rotation vector (describes rotations 

of cross-sections at deformation); Q
r

 and M
r

 are vectors of internal forces and 

moments; [ ],L Rx x xÎ  is length parameter corresponding to natural coordinate 

[ ]0,s Î l . 

Increments of distributed follower load and moments are part of increments of 

the distributed load and the moments at deviations caused by a small deviation 

glob loc
k k kq q qD = D + D , ( )jkloc loc

k i ijq q
l w

b w
w

¶
D = D

¶
l

l

l

, 

glob loc
k k km m mD = D + D , ( )jkloc loc

k i ijm m
l w

b w
w

¶
D = D

¶
l

l

l

,   (1) 
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where glob
kqD , glob

kmD  are increments of global distributed load and moments, loc
kqD , 

loc
kmD  are increments of distributed follower load and moments; , , 1,2,3i j k = . 

Increments of global distributed load are caused by inertial load 
glob
i iq F UrD = - D && , 1,2,3i = .     (2) 

Increments of the distributed moments 1
globmD , 2

globmD  and 3
globmD  are caused by 

inertial moments 
glob K
i P im Jr wD = - && , 1,2,3i = ,    (3) 

3 3
K
n i in j jk kw b l b l w= D  are projections of a rotation vector round a rod’s tangent; the 

vector is a projection of an increment of the rotation vector k kiw wD = D
r

r  to the *
3er . 

The solution of the problem of the small vibrations with a frequency W  is as 

follows: 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

, ,  , ,

, ,  , ,  1,2,3

i t i t
k k k k

i t i t
k k k k

U t U e t e

Q t Q e M t M e k

x x w x w x

x x x x

W W

W W

D = D D = D

D = D D = D =
  (4) 

Thus, we derive system of the equations of small vibrations into which unknown 

functions are included linearly. In a matrix form it can be presented as follows: 

( ) ( ) ( ) ( )2,dY f Y F E K Y
d

x x x x
x

é ù= L × = - W × - W × ×ë û ,  (5) 

1,2,3

1,2,3

1,2,3

1,2,3

U

Y
Q

M

w

ì üD
ï ï

Dï ï= í ý
Dï ï

ï ïDî þ

, ( )

( )
( )
( )
( )

1

2

3

4

F

F
F

F

F

x

x
x

x

x

é ù
ê ú
ê ú= ê ú
ê ú
ê úë û

, ( ) ( )
( )

3

4

0
0

E
E
E

x
x
x

é ù
ê ú
ê ú=
ê ú
ê ú
ë û

, ( ) ( )

0
0

0

K
K

x
x

é ù
ê ú
ê ú=
ê ú
ê ú
ë û

. (6) 

Vector-column Y  has 12 elements; matrixes ( )F x , ( )E x  and ( )K x  have 

dimension 12 x 12; by zero designated blocks with zero elements. 

The second way to derive (5) is based on differentiation of nonlinear system of 

the equations of rod’s dynamics [2] by the corresponding variables. In fact matrixes 

(6) can be obtained by the numerical differentiation as follows: 

( ) ( ),f
F

Y
x

x
¶ L

=
¶

, ( ) ( ),f
E

Y
x

x
¶ L

=
¶ &&

, ( ) ( ),f
K

Y
x

x
¶ L

=
¶ &

. 

URL: http://www.sworld.com.ua/e-journal/J21314.pdf  
Downloaded from SWorld. Terms of Use  http://www.sworld.com.ua/index.php/ru/e-journal/about-journal/terms-of-use 



Modern scientificresearchand their practical application. VolJ21314 

This approach was successfully tested. It has advantage over classical approach 

of deriving the equations at which it is necessary to linearize rotation matrix on 

components of rotation vector that leads to loss of accuracy at some difficult 

deformed configurations. In simple a case two approaches yield identical results. 

The small vibration problem represents a linear boundary value problem of 

eigenvalues for system (5). It can be solved using the method of initial parameters 

(calculating frequency determinants). Another approach is based on the finite 

differences method. Let's consider this approach in more detail. 

Let's make a simple differential scheme. We approximate unknown functions 

1,2,3UD , 1,2,3wD , 1,2,3QD , 1,2,3MD  by their values in nodal points. Let's divide an 

interval [ ],L Rx x  on N  pieces of equal length and we will have ( )1N +  unknown of 

nodal values for each of 12 unknown functions. The problem of determination of 

twelve functions will be reduced to the problem of search of ( )12 1N× +  nodal values 

of these functions. Six nodal values at the left and six nodal values on the right are 

defined from boundary conditions; 12N  unknowns have to satisfy to the equation (5). 

The differential scheme for system (5) with a constant step has the following 

form:  

( ) ( ) ( )21 1

2
i i i i

i i i
Y Y Y YF E Kz z z

x
+ +- +é ù= - W × - W × ×ë ûD

, 1,2...i N= , or 

( ) ( ) ( )

( ) ( ) ( )

2

2
1

2 2 2

0,   1, 2... ,
2 2 2

i i i i

i i i i

F I E K Y

F I E K Y i N

x x xz z z

x x xz z z +

D D Dé ù+ - W × - W × × +ê úë û
D D Dé ù+ - - W × - W × × = =ê úë û

   (7) 

where iY  is vector-column, containing 12 values of unknown functions 1,2,3UD , 

1,2,3wD , 1,2,3QD , 1,2,3MD  at ( )1i L ix x t= + - × ; R L

N
x xx -

D =  is grid step by the 

parameter; I  is 12x12 identity matrix. Formulas (7) can be used for a variable grid, 

for this purpose it we have to put 1

2
i i

i
x xz ++

= , 1i i ix x x+D = - , 1,2...i N= . 
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To increase accuracy of approximation it is possible to calculate value of 

unknown functions and their derivatives by four nodal values. Let's consider other 

differential scheme with variable step. The polynomial Lagrange for approximation 

of functions by four nodes is as follows: 

( ) ( ) ( )( )( )
( )( )( ) ( ) ( )( )( )

( )( )( )

( ) ( )( )( )
( )( )( ) ( ) ( )( )( )

( )( )( )

2 3 4 1 3 4
1 2

1 2 1 3 1 4 2 1 2 3 2 4

1 2 31 2 4
3 4

3 1 3 2 3 4 4 1 4 2 4 3

      .

x x x x x x x x x x x x
L x f x f x

x x x x x x x x x x x x

x x x x x xx x x x x x
f x f x

x x x x x x x x x x x x

- - - - - -
= + +

- - - - - -

- - -- - -
+ +

- - - - - -

   (8) 

Let's divide an interval [ ],L Rx x  on N  pieces of variable length. Then we will 

calculate solution in ( )1N +  nodal points 1 Lx x= ; ix , 2,3...i N= ; 1N Rx x+ = . The 

equations we will satisfy in points in the middle between nodal values 1

2
i i

i
x xz ++

= , 

1,2...i N= . Let's write down approximation of function and its derivative in iz : 

( ) ( )
4

1 1
1

k
k

k
Y a Yz

=

= å ; ( ) ( )
4

3
1

k
N N N k

k
Y a Yz - +

=

= å ; 

( ) ( )
4

2
1

k
i i i k

k
Y a Yz - +

=

= å , 2,3... 1i N= - ;  

( ) ( )
4

1
1

1

k
k

k

dY
b Y

d
z
x =

= å ; ( ) ( )
4

3
1

kN
N N k

k

dY
b Y

d
z
x - +

=

= å ; 

( ) ( )
4

2
1

ki
i i k

k

dY
b Y

d
z
x - +

=

= å , 2,3... 1i N= - ; 

where ( ) ( )k i
i

k

L
a

f
z¶

=
¶

( ) ( )2
k i

i
k

L
b

x f
z¶

=
¶ ¶

. The differential scheme will be as follows: 

( ) ( ) ( ) ( )1 2 3 4
1 1 1 2 1 3 1 4 0;c Y c Y c Y c Y+ + + =  

( ) ( ) ( ) ( )1 2 3 4
1 1 2 0, 2,3... 1;i i i i i i i ic Y c Y c Y c Y i N- + ++ + + = = -  

( ) ( ) ( ) ( )1 2 3 4
2 1 1 0;N N N N N N N Nc Y c Y c Y c Y- - ++ + + =  где ( ) ( ) ( ) ( )( ),k k k

i i i ic a f bz= W - .   (9) 

Let's consider representation of boundary conditions in a matrix form. If on the 

ends of a rod there are no concentrated masses, then boundary conditions it is 

possible to represent in the following form: 
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[ ] 1 0LK Y = , [ ] 1 0R NK Y + = .     (10) 

Here [ ]LK  is 12x12 matrix of special structure (if boundary conditions are set in 

global system of coordinates then in rows No 1-6 columns contain "1" corresponding 

to six boundary conditions set on the left end); [ ]RK  is 12x12 matrix of special 

structure, in rows No 7-12 contain "1" in columns corresponding to boundary 

conditions on the right end of a rod; other elements of matrixes are equal to zero. For 

example, for a clamped on left ( 1,2,3 0UD = , 1,2,3 0wD = ) and hinged on the right end (

1,2,3 0UD = , 1,2,3 0MD = ), matrixes [ ]LK  and [ ]RK  will be as follows 

[ ]

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

LK

æ ö
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷

= ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
è ø

, [ ]

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

RK

æ ö
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷

= ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
ç ÷
è ø

. 

If boundary conditions are set in local basis, then matrixes [ ]LK  and [ ]RK  will 

have more difficult structure. For its definition we will express global basis by the 

deformed local basis: 

j jk ke ib* *=
r

r  => k jk ji eb* *=
r

r ; k kn ni il* =
r r

 => n kn k kn jk ji i el l b* *= =
r r

r . 

For arbitrary vector R
r

 it is possible to write: 
*L

j j n n n kn jk jR R e R i R el b *= = =
r

r

r r , 

where L
jR  are vector’s coordinates in basis *

jer , nR  are coordinates in basis ni
r

, then 

L
j kn jk n jn nR R a Rl b= = , where . jn kn jka l b= . 

Thus, relation between coordinates of any vector in the deformed local basis and 

coordinates in global motionless basis is derived. 

If at the end of a rod the follower load is set, then Q PD = D
r r

, where PD
r

 is an 

increment of follower load at small deviation. The follower load is defined by the 
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vector *L L
j j j j j jk kn nP P i P e P ib l= = =

r
r r

. At vibrations this vector turns round a vector 

j jiw wD = D
r

r . As the size of rotation is small the deviation of the vector of follower 

load at small fluctuations is possible to express by a cross-product of two vectors 

( ) ( ) ( )

1 2 3
2 3 1 3 1 2

1 2 3 1 2 3
2 3 1 3 1 2

1 2 3

2 3 3 2 1 3 1 1 3 2 1 2 2 1 3     .j j

i i i
P P i i i

P P P P P P
P P P

P P i P P i P P i P i

w w w w w w
w w w w

w w w w w w

D D D D D D
D = D ´ = D D D = - + =

= D - D + D - D + D - D = D

r r r

r r
r r r

r

r r r r

Or in matrix form: 
1 3 2 1

2 3 1 2

3 2 1 3

0
0

0

P P P
P P P
P P P

w
w
w

D - Dæ ö æ öæ ö
ç ÷ ç ÷ç ÷D = - Dç ÷ ç ÷ç ÷

ç ÷ç ÷ ç ÷D - Dè øè ø è ø

. 

Similar dependences can be derived for the follower moment 
*L L

j j j j j jk kn nH H i H e H ib l= = =
r

r r

. The block of a matrix of boundary conditions in case 

of follower load and follower moment will be as follows: 

3 2

3 1

2 1

3 2

3 1

2 1

0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

P P
P P
P P

H H
H H
H H

-æ ö
ç ÷-
ç ÷-
ç ÷-
ç ÷-
ç ÷-è ø

. 

If on the end there is a concentrated weight, the internal force on this end has to 

compensate inertial force, that is 0Q M UD = × D
r r

&&  (if there is follower load then 

0Q M U PD = × D + D
r r r

&& ). This condition is satisfied as follows: 
2

1,2,3 0 1,2,3 0Q M UD - W D = . 

As a result in a matrix form it is possible to write 

[ ] [ ]( )2
1 0L LK Km Y- W = ; [ ] [ ]( )2

1 0R R NK Km Y +- W = ; (11) 

where [ ]LKm  and [ ]RKm  are 12x12 matrix with special structure depended on [ ]LK  

and [ ]RK , namely, these matrixes have values of a concentrated weight in rows 

where [ ]LK  and [ ]RK  have “1” at columns No 7-9 (it corresponds to 1,2,3QD ) at 

columns No 1-3 (it corresponds to 1,2,3UD ) respectively. Any of systems of the 
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equations (7) or (9) in sum with boundary conditions (11) in a matrix form can be 

written down as follows 

[ ] [ ] [ ]( ){ }2 0A B C Z- W - W = .    (12) 

In case of the two-nodal differential scheme (7) the ordinary system (12) is as 

follows: 

(1) (2)
1 1 1 1 1 1(1) (2)

2 2 2 2
(1) 2 33

(1) (2)

0 ... 0 0 0 ... 0 0 0 ... 0 0
0 ... 0 0 0 ... 0 0 0

0 0 ... 0 00 0 ... 0 0
... ... ... ... ... ...... ... ... ... ... ...
0 0 0 ...0 0 0 ...
0 0 0 ... 0 00 0 ... 0

N NN N

L R

A A B B C C
A A B B C

BA

B BA A
K K

é ù é ù
ê ú ê ú
ê ú ê ú- W - Wê ú ê ú
ê ú ê ú
ê ú ê úë ûê úë û

1

22 2

33

1

... 0 0
0 0 ... 0 0 0,...... ... ... ... ... ...
0 0 0 ...
0 0 0 ... 0 0

NN N

N

Y
YC
YC

YC C
Y +

æ ö ì üé ùç ÷ ï ïê úç ÷ ï ïê ú × =ç ÷ í ýê úç ÷ ï ïê úç ÷ ï ïê úç ÷ë û î þè ø

 

where 

( )(1,2)

2i iA F It z= ± ,  ( )
2i iB Et z= , ( )

2i iC Kt z= , 1

2
i i

i
x xz ++

= , 1,2...i N= ; 

zero designated 12x12 matrixes with all elements are equal to zero; 

{ } ( )1 2 1... T
NZ Y Y Y +=  is column vector contained ( )1N +  vectors iY , which 

contain 12 unknown variables 1,2,3UD , 1,2,3wD , 1,2,3QD , 1,2,3MD  at  ix ; so { }Z  has 

dimension of ( )12 1N + . 

In case of four nodal differential schemes (9) ordinary system (12) has the 

following structure: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

1 2 3 4 1 2 3 4
1 1 1 1 1 1 1 1

1 2 3 4 1 2 3 4
2 2 2 2 2 2 2 2

1 2 3 1 2 3
3 3 3 3 3 3

2

4 4
1 1

4

... 0 ... 0

... 0 ... 0

0 ... 0 0 ... 0
... ... ... ... ... ... ... ... ... ... ... ...

0 0 0 0 ... 0 0 0 0 ...

0 0 0 0 ... 0
0 0 0 ...

N N

N

L R

A A A A B B B B

A A A A B B B B

A A A B B B

A B

A
K K

- -

é ù
ê ú
ê ú
ê ú
ê ú
ê ú - W
ê ú
ê ú
ê ú
ê ú
ê ú
ë û

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

( )

1 2 3 4
1 1 1 1

1 2 3 4 1
2 2 2 2

21 2 3
3 3 3

3

4
1

4 4

... 0

... 0

0 ... 0
... ... ... ... ... ... ...
0 0 0 0 ...

0 0 0 ... 0 0 0 0 ...
0 0 0 ... 0 0 0 0 ... 0

N

N N

L R

C C C C
Y

C C C C
Y

C C C Y

C Y
B C

Km Km

-

æ öé ù é ù
ç ÷ê ú ê ú
ç ÷ê ú ê ú
ç ÷ê ú ê ú
ç ÷ê ú ê ú
ç ÷ê ú ê ú- W ×
ç ÷ê ú ê ú
ç ÷ê ú ê ú
ç ÷ê ú ê ú
ç ÷ê ú ê ú
ç ÷ê ú ê ú

ë ûë ûè ø
1

0

N

NY +

ì ü
ï ï
ï ï
ï ïï ï =í ý
ï ï
ï ï
ï ï
ï ïî þ

. 

For the scheme (9) block-matrixes have the following expressions 
( ) ( ) ( ) ( )( )k k k
i i i iA a F b Iz= - , ( ) ( ) ( )k k

i i iB a E z= , ( ) ( ) ( )k k
i i iC a K z= , 
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where ( ) ( )k i
i

k

L
a

f
z¶

=
¶

, ( ) ( )2
k i

i
k

L
b

x f
z¶

=
¶ ¶

, 1

2
i i

i
x xz ++

= , 1,2...i N= , 1,2...4k = . 

The system of the equations (12) represents a square problem of eigenvalues. 

Let's transform it to the generalized problem with complex matrixes. For this purpose 

we will enter designation 

{ } { }Z ZW = % .      (13) 

After substitution of the designation (13) multiplied at the left by a matrix [ ]B  in 

(12) we will receive: 

[ ]{ } [ ]{ } [ ]{ } 0A Z B Z C Z- W - W =% , [ ]{ } [ ]{ }I Z I ZW = % . 

In a matrix form the last equations will rewrite as follows: 

[ ]
[ ]

[ ] [ ]
[ ]

{ }
{ }

0
0

0 0

ZA C B
I I Z

ì üæ öé ù é ù ï ï- W × =ç ÷ í ýê ú ê úç ÷ë û ë û ï ïè ø î þ
%

; 

or ( ) 0A B Z- W × = , where B  is complex matrix. 

The derived matrix eigenvalue problem can be solved by standard numerical 

procedures. 

Paper is prepared with support of the integration project of the Ministry of 

Education and Science of the Russian Federation No. 7.822.2011. 

 

References: 

1. Levin V.E., Pustovoy N.V. Mechanics of deformation of curvilinear rods: 

monograph. – Novosibirsk: NGTU publishing house, 2008. – 208 p. 

2. Krasnorutskiy D.A. Nonlinear vibrations of elastic rods / D. A. Krasnorutskiy, 

V. E. Levin, N. V. Pustovoy // Sbornik nauchnyh trudov SWorld. Proceedings of the 

international scientific-practical conference "Future innovations in science, education, 

manufacturing and transport". Volume 8. Physics and mathematics, Chemistry. – 

Odessa: Chernomorie, 2011. 50-55. 

3. Svetlitskiy V.A. Mechanics of rods: textbook for technical universities. In 2 

parts. Part 2. Dynamics. – M: The higher school, 1987. – 304 p. 

URL: http://www.sworld.com.ua/e-journal/J21314.pdf  
Downloaded from SWorld. Terms of Use  http://www.sworld.com.ua/index.php/ru/e-journal/about-journal/terms-of-use 



Modern scientificresearchand their practical application. VolJ21314 

 

J21314-004 

UDC. 519.6 (075.8) 

Agisheva D.К., Zotova S.А.,  

Svetlichnaya V.B., Matveeva Т.А. 

THE TRANSPORTATION AND NETWORK MODEL OF 

MANAGMENT 

Volzhsky polytechnical institute (branch) VSTU, 

404121, Volzhsky polytechnical institute, Volzhsky, Engelsa 42a 

 

This article reflects many years of experience in lectures and practical sessions 

on transport and network management model in the Volzsky Polytechnic Institute. 

Examples are considered for solving transport problems and problems of network 

planning and management. 

Keywords: transportation problem, graphs, networks. 

Economic and industrial changes in modern society are the main factors that 

determine the direction of constructing education.  

For students of engineering and technology sectors is an important stage in the 

development of mental abilities, theoretical thinking, the ability to abstract, to 

generalize.  

The concept of the mathematical training of students means the aggregate base 

for the mathematics knowledge that are fundamental to engineering, and used in the 

study of other disciplines. 

Many practical problems of economic activities related to the objectives to 

determine the best and optimal solutions. Such, for instance, the problem of choosing 

the optimal production program, transportation problems or traffic rational allocation 

a number of problems associated with the optimal planning. To solve the problems of 

this kind created mathematical methods, collectively called mathematical 

programming methods. 
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Mathematical apparatus is not sufficient for a particular numerical solution of 

typical problems arising in various fields of business. For example, many of the 

problems that are present in a mathematical form, is to find the extreme, that is, high 

or low, a linear function of several variables in the presence of linear constraints. 

Classical mathematical analysis does not include algorithms for solving problems of 

this type. 

Currently, there are a huge number of papers on various aspects of the theory of 

mathematical programming. Optimization models can be found from the set of 

possible (alternative) options the best production, distribution or consumption. 

Limited resources when using the most efficient way to achieve this goal. 

Transportation problem (TOR) is representative of a class of linear 

programming problems, which has extensive practical applications not only transport. 

TK has all the qualities of linear optimization problems, but at the same time it also 

has a number of additional useful features. It is you-mined in linear programming by 

certain economic characteristics, features of the mathematical model, the presence of 

specific methods of solution. 

Graph theory is used in various fields of knowledge. In particular, she has found 

important applications in production management, a calendar, and network planning, 

in the processing of economic information. 

Theory flows emerged initially in connection with the development of methods 

for solving problems related to the efficient transport of goods. It turned out later that 

the problem of the maximum flow problem can be reduced as follows: the problem of 

determining the maximum amount of information that can be is transmitted by an 

extensive network of channels from one point to another, the tasks associated with 

the most economical construction of power networks, oil and gas pipelines, railways, 

roads and others. 

One of the most important applications of graph theory is the network planning 

and management (SPM) complex set of interrelated activities. For this purpose, 

special methods based on the use of network diagrams that are graphical model all 

the work or production process. Network models most commonly used in project 

URL: http://www.sworld.com.ua/e-journal/J21314.pdf  
Downloaded from SWorld. Terms of Use  http://www.sworld.com.ua/index.php/ru/e-journal/about-journal/terms-of-use 



Modern scientificresearchand their practical application. VolJ21314 

management. Network model displays a set of works (operations) and events and 

their relationship with time. Usually, the network model is designed to perform the 

work in a sequence that the timing of the project was minimal. In this case, the task of 

finding the critical path. However, there are network models, which are not focused 

on the criterion of time, and, for example, to minimize costs. 

Consider the problem. For example, the transport company involved in the 

transport of grain from three special Grain elevators to four mills. Table 1 shows the 

possible shipment of grain elevators, and the cost of transporting grain from one 

Grain elevators to the mills. The cost of transportation is given in units of currency. 

Table. 1 
Mills 

Elevators 
5 15 15 15 

15 
10 2 20 11 

11x  12x  13x  14x  

25 
12 7 9 20 

21x  22x  23x  24x  

10 
4 14 16 18 

31x  32x  33x  34x  

 

Need to find a matrix of transport 
12 13 1411

21 22 23 24

31 32 33 34

=
æ ö
ç ÷
ç ÷
è ø

x x x x
X x x x x

x x x x
, in which the value 

of all the costs of delivery of the goods will be minimal. 

The initial basic solution we get, for example, by the north-west corner (table 2). 

Table 2 
Мельницы 

Элеваторы 
5 15 15 15 

15 
10 2 20 11 

5 10   

25 12 7 9 20 
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 5 15 5 

10 
4 14 16 18 

   10 

Received initial support solution: 

5 10 0 0
0 5 15 5
0 0 0 10

æ ö
ç ÷= ç ÷
ç ÷
è ø

X . 

 

Corresponding to the total cost of transport: 

0 5 10 10 2 5 7 15 9 5 20 10 18 52 monetary u )its0 ( n= × + × + × + × + × + × =L . 

Potential method was obtained the optimal solution and the corresponding value 

of the objective function: 

min

0 5 0 10
0 10 15 0
5 0 0 5

æ ö
ç ÷= ç ÷
ç ÷
è ø

X , min 435=L . 

 

Next, we consider the problem of network models. 

Graduate of Volgograd region wishes to continue his studies at the institute. 

He wants to evaluate the possibility of obtaining a diploma in engineering education 

or in the economic sphere in one of two schools – the Volzsky Polytechnic Institute 

(VPI) and Volgograd State Technical University (VSTU). The likelihood of 

successful completion and the estimated income at the end of training are shown in 

table 3. If the graduate does not complete any of these universities, then the average 

annual income is equal to 0 180=D  thousand rubles. 

Table 3 

Selected Faculty 

Probability 

of graduation 

Revenue after 

finishing 

(thousand 

rubles) 

succ

ess 

failur

e 
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Faculty of Economics and 
Management (FEM) VSTU 40% 60% 1 400=D  

Autotractor faculty (ATF) VSTU 70% 30% 2 350=D  
Faculty of Engineering and 
Economics (FEI) VPI 50% 50% 3 320=D  

Automotive faculty (FAM) VPI 95% 5% 4 300=D  
 

Criterion in the decision is the expected value of the average income. Construct 

the tree of all possible solutions (fig. 1). We calculate the average expected return on 

the known probabilities for each case. Choosing the best results, we conclude that this 

graduate is best to choose the Faculty of Automotive VSTU with expected income 

350 thousand rubles. 

 VPI

Insti-
tute

VST
U

1D

0D

2D

0D

0D

0D

3D

4D

1 0,4=p

1 0,6=q

ü
ï
ý
ïþ

ü
ï
ý
ïþ

ü
ï
ý
ïþ

ü
ï
ý
ïþ

Average income

1 1 1 0× + × =p D q D

= 268 thousand rubles
0,4 400 0,6 180= × + × =

2 2 2 0× + × =p D q D

= 299 thousand rubles
0,7 350 0,3 180= × + × =

3 3 3 0× + × =p D q D

= 250 thousand rubles
0,5 320 0,5 180= × + × =

4 4 4 0× + × =p D q D

= 294 thousand rubles
0,95 300 0,05 180= × + × =

max

2 0,7=p

2 0,3=q

3 0,5=p

3 0,5=q

4 0,95=p

4 0,05=q

FEM

ATF

FEI

FAM

 

Fig. 1. Tree of possible solutions 

 

Often the challenge may be solved not only consistent, but also doing some 

work in parallel. For example, until the dough is mixed up, sculpt cakes has no 

meaning. And while you can build a house with bricks and prepare to transfer the 
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solution in the same time [3]. In more complex transactions may be very intricate 

structure of actions that are called network diagrams. 

One of the most important applications of graph theory is the network planning 

and management (SPM) complex set of interrelated activities. For this purpose, 

special methods based on the use of network diagrams that are graphical model all 

the work or production process. Network models most commonly used in project 

management. Network model displays a set of works (operations) and events and 

their relationship with time. Usually, the network model is designed to perform the 

work in a sequence that the timing of the project was minimal. In this case, the task of 

finding the critical path. 

Data for the construction works of a country house presented in table 4 

Table 4 

Work Running time (days) Previous works 

A − pouring the foundation 2 − 
B − manufacture of window frames 

and doors 7 − 

C − production of built-in cabinets 
and furniture 15 − 

E − walling 10 A, B 
D − installation of water system 8 E 
G − raising the roof 6 E 
F − plastering walls 2 D, G 
H − andscaping 8 G 
K − installation of built-in cabinets 

and furniture 2 C, F 

L − painting 3 K 
 

Plotting work (fig. 2): 
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Fig. 2. Operation Chart 

 

At the top of the charts, each work is presented in the timeline of the horizontal 

segment (reference point coincides with the beginning of the work). The lengths of 

the segments are proportional to the length of the relevant works, and the position of 

their left ends are defined by their ability to execute. The lower part shows the 

network constructed from Table. 4, which shows how interconnected the work on the 

project and in what order they should be performed. Ribs, dotted, necessary in the 

proper sequence. 

Time spent on the critical path: 7 +10 +8 +2 +2 +3 = 32. In this way, the project 

can be implemented in 32 days and not a day earlier. 

There are also network models, which focus not on the criterion of time, and, for 

example, to minimize costs. 

Proposed material directs future engineers to self-education and self-

development, to stimulate the desire to acquire and apply fundamental knowledge of 

mathematics for applied sciences. 
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MATHEMATICAL MODELING OF HEATING EFFECTS IN ONE-

OUTLET VORTEX TUBES 

Federal State Educational Institution of Higher Professional Education Rybinsk 

State Aviation Technical University by P.A. Solovyev 
 

 

The methods of mathematical modeling of temperature stratification in the 

swirling flow in an axisymmetric channel in the presence of one inlet and one outlet 

is presented.  

Keywords: vortecx effect, energy separation, heat ignition, heating, impulse, 

energy, irreversibility, velocity, angular momentum, Rankine vortex, kinetic energy 

flow, flow rate, diaphragm, nozzle inlet 

Effect of energy separation is observed in the form of two resulting flows: the 

cooled one and the heated one in the stream of intensively swirled flow of viscid 

compressible gas in axisymmetric diaphragm channel with one inlet (nozzle inlet of 

the swirling device) and two outlets (diaphragm orifice, throttling device) aka vortex 

tubes (VT). In the case when throttle is not present and the VT butt end remote from 

the nozzle inlet is a completely closed cavity the flow out of it is only possible 

through the orifice in the central part of the diaphragm. Bulk temperature of the 

exhaust flotation will have the full temperature being a little lower than that of the 
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initial compressed gas at the nozzle inlet of the swirling device. This temperature 

increase can be explained through non-adiabatic features of protective surfaces, 

through partial energy loss due to generation of electromagnetic and acoustic waves 

leaving the tube, as well as through presence of positive throttling effect [1]. 

Experiments with VT of this type (named one-outlet) (Fig. 1) show that in the cavity 

of the swirl chamber effects of energy separation have been observed with generation 

of the regions with considerably increased temperature in comparison with its initial 

value of the compressed gas at the inlet. Moreover these regions are perceptibly 

remote from nozzle inlet closer to the butt end. 

The tube layout and the flow in there are presented in Fig. 1. Compressed gas 

is fed into the tube through the nozzle inlet 1 in the form a flow swirling device of 

tangential type or in the form of Archimedean spiral. In the swirl chamber or in the 

chamber of energy separation 2 intensively swirled flow is generated with large-scale 

vortex structures transferring gas masses in the process of fluctuation in radial 

direction. 

 

 
 

Fig.1 One-outlet VT layout 
 
 

Flow swirling results in generating of radial pressure gradient. Mass transfer to 

the field of this pressure gradient ensures energy transfer in the direction coinciding 
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with the gradient direction, i.e. from near axial layers to those lying in the periphery. 

Here temperature stratification takes place as result of which cooled gas stream 

outflows from the classical separation tubes through the orifice 4 of the diaphragm 3 

and heated masses leave the tube through the orifice placed on the opposite end in the 

throttle (in Fig. 1 not shown). In the variant under consideration the end opposite to 

the nozzle inlet is blanked off that’s why heated gas masses turn round and move to 

the nozzle inlet outflowing through the diaphragm orifice and providing for the mode 

with the relative fraction of the cooled stream д = 1,0. That means that the whole 

compressed gas flow fed through the nozzle inlet outflows from the diaphragm 

orifice. 

Technical capabilities of one-outlet VT application are rather wide and first of 

all they relate to aerospace and energy branches and are connected with development 

of simple reliable remote starting devices; stabilization of flame front in afterburners; 

organization of thermal ignition without application of additional flame ignition. 

Application of conventional methods to calculate processes of energy 

separation in the chamber does not seem practically possible in view of physic-

mathematical difficulties as to experimental aspect for the solution of full unsteady-

state Navier-Stokes equations is required. The certain tries of implementation of such 

approaches have not led to objectionable solutions yet. As more usable numerical and 

experimental approaches could be regarded, as well as simulations with attempts to 

explain and calculate flow phenomena. Such approaches have been implemented and 

their instances are presented in [1-6], where to find integration constants for 

simplified pulse and energy equation system fundamental laws in the form of systems 

are set forth (1) 

                                       1 1

1

1 / ; /
;

(0) ( )
Г x

x Г x

G G G G

J J L J J

m m= + =ìï
í

+ = -ïî & & & &

                                          (1) 

where in (1) Gx is gas mass flow, outflowing from the diaphragm orifice, GT is 

heated gas mass flow, G1 is initial compressed gas flow through the nozzle block of 

the flow swirling device, , 1/xG Gm =  is relative fraction of flow outflowing from the 
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diaphragm orifice, 1J&  is impulse circumferential moment flow at the inlet to the VT, 

xJ&  is impulse moment flow of gas masses cooled in the VT, ГJ&  is impulse moment 

flow of heated gas masses, кЕ&  is kinetic energy stream, respectively: 1 – that of the 

initial compressed gas flow, х – that of gas masses outflowing from the diaphragm 

orifice, Г – that of the heated part of the initial flow. 

System of equations (1) is written for the most common case of two-flow 

dividing vortex tube, when additional intermediate pressure gas flow G is fed from 

the upstream end through the slot diffuser to the near-axial region of the VT energy 

separation chamber. As for the one-outlet vortex tube the system will be slightly 

simplified. In this case the relative fraction of the cooled gas masses 1.0m = . Thereby 

the whole gas fed outflows through the central orifice in the diaphragm providing for 

the obvious equality 1xG Gº . 

The equation system of the law of impulse moment conservation (1) provides 

the condition permitting swirling of the flow outflowing through the diaphragm 

orifice to rigid rotation 

                                        V rj w= ×     или   /V r constj = .                                          

(2) 

In the case with a classic dividing VT analysis of the flow of circumferential 

impulse moment enables calculation of tangential velocity diagram Vj  of the near-

axial as to the forced vortex 

                                                 / nV r constj = .                                                   (3) 

The refinement power п can be found from the solution of circumferential 

impulse moment flow balance equation. At that in the extreme case one can 

hypothesize that the peripheral vortex at the outlet from the VT is completely swirled 

( ) 0ГJ L =&  [1,2,3]. 

In the real case of strict notation [6] the inequality has always be complied 

                                                        1xJ J<& & .                                                      (4) 
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To rewrite the inequality [4] in more expanded form make use of the approach 

set forth in [5] 

                                                 ( )x д д nJ V r r Gj m< × ×& ,                                             (5) 

where ( )дV rj -  is the law of distribution of circumferential velocity component in 

the diaphragm orifice cross-section; дr  is relative (nondimensional) radius of this 

orifice, /д д mpr r r= ,, defined as relationship of its value to the value of the minimal 

radius of the energy separation chamber which as shown in the figure for one-outlet 

VT can sometimes be a diffusion one with the cone angle 6...7°. 

In the assumption of uniform velocity distribution and negligible thickness of 

the nozzle inlet orifice providing velocity consistency along the nozzle cross-section 

1V const= , the circumferential impulse moment flow can be expressed through the 

dependence 

                                                     
11 1 1J G V rj= × ×&  .                                              (6) 

To rewrite the expressions (5) and (6) in more expanded form through the 

parameters determining working medium thermal behavior at the inlet and the flow 

state at the tube nozzle inlet make use of the results set forth in [1,5] 

                                                1 1 1 1 1 1( ) /J M kP rGr=& ,                                         (7) 

                                           ( ) 1
1 1 1 1 2/ /n n

x дJ M kP G r rr m +£ ,                                   (8) 

where 2r - is the relative value of the vortex division radius, 2 2 1/ 0,8r r r= » . 

Adjusted for the value 2r  write down the relationship for the flows of circumferential 

impulse moment in the form of 

( ) 1
1 2/ / n

x дJ J r rm +£& & . 

Considering the fact that for one-outlet vortex tube  1.0m =  the previous 

expression will have the following form 

                                                    ( ) 1
1 2/ / n

x дJ J r r +£& & .                                           (9) 
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Sign of equality in (9) is fulfilled only in the case of isentropic flow which is 

practically unfeasible in the VT, where irreversibility invoked by considerable flow 

turbulization, is fundamentally necessary criterion of energy separation in the 

presence of radial pressure gradient. It is contingent with energy dissipation which 

intensity can be defined in accordance with value decline rate of circumferential 

impulse moment 1( / ( )ГJ d J L&
& & . As the most acceptable exponential decay law can be 

regarded 

                                              ( )1 expГJ J l zbé ù= - -ë û
& &  ,                                       (10) 

where ГJ& - is the flow of circumferential impulse moment of potential peripheral 

vortex in the cross-section joining the throttle at the outlet from the tube; ( b - is decay 

coefficient; l - is energy separation chamber length ration, /l l d= ; z  is relative 

nondimensional cross-section coordinate. 

The value can b   found from the dependence 

                                                   Re dfjb a= ,                                               (11) 

where a  and g  are the parameters which numerical value is found by means of 

experimental data generalization; Re is the Reynolds number, defined through the 

compressed gas parameters at the inlet into the VT subject to the medium-integral 

velocity value 1V   in the nozzle of the flow swirling device; df is an elemental area of 

the flat radial circular cross-section of the swirled flow in the energy separation 

chamber. 

As the determining size the energy separation chamber diameter d is taken, and 

the determining temperature equals the temperature of compressed gas 1Т   at the inlet 

into the VT. 

In this case the flow of circumferential impulse moment of gas masses 

outflowing through the diaphragm orifice will be connected with the initial 1J& , 

through the correlation 

                                                 ( )
1 1 1 l z

xJ J b- -é ù= -ë û
& & .                                           (12) 
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The approach proposed can be implemented for the classic dividing tube and 

the description is presented in [5]. As for the one-outlet vortex tube the calculation 

methods require certain clarification enabling to define attainable possible heating 

effects in the local areas of the swirled flow located in the area joined to the throttle 

by means of a calculation. 

In this case the energy equation written according to the total enthalpy in the 

assumption of adiabatic behavior of the one-outlet VT will be written in the form of 

an obvious equality at 1xG G=   1 xJ J= , which does not permit calculating the enthalpy 

of heated masses based on the application of the energy balance equation written in 

the system (1). 

Let us make use of an indirect method and evaluate possible heating effects 

while analyzing the energy transfer mechanism assumed in the modified hypothesis 

of vortex interaction [5]. 

Implementation of micro-cooling cycles in large-scale recycling vortex 

structures requires work supply, i.e. mechanical energy which source is the energy 

spent on turbulence generation. Again this energy constituent is fed by the swirled 

flow kinetic energy. 

Through analysis of energy flow system equation (1) we will define heating 

effects of a potential peripheral vortex from the balance of initial energy introduced 

with compressed gas with the energy dissipating under realization of micro-cooling 

cycles, i.e. with the energy spent on turbulence generation, as well as with the energy 

in the form of heat transferred from the near-axial forced vortex to the peripheral 

potential one. 

The written down energy equation for heated gas masses looks like 

1Г kH Е Е e= + D × , 

                                              ( )2 / /k ГQ L T Т Тe = D = - .                                     (13) 

where in (13) e  is the cooling coefficient, the implemented cycle is regarded as 

being close to Carnot cycle. 
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Subject to the obvious equality kL ED = D  and the appropriate cancellation the 

energy equation will be reduced to less complex form 1T kH E E e= + D ×  after 

substitution 2 kQ Ee= ×D . 

Making use of kinematical dependencies presented in [1 and 5] we reduce the 

expression for calculation of heating effects 1/Г ГТ Тq · · ·=  to the form 

                                      ( ) ( )2 2( 1)
1 1 1 2 24 / 2 / 1 / n

cF M Ф М k Ф r -é ù= + + ×ë û ,                    (14) 

where cF  is nondimensional area of the nozzle inlet, 1M  is the Mach number at 

the inlet into the energy separating chamber, 1Ф , and 2Ф , are integral complexes [1,5]. 

Computer numerical implementation according to the methods set forth above 

made it possible to calculate fundamental dependencies connected with heating of 

peripheral gas masses located in the butt end remote from the nozzle inlet. Some 

calculation results are presented in the form of characteristic curves (Fig. 2 and 3). 

Energy separation is determined to a large extent by such geometrical 

parameters as relative value of diaphragm orifice diameter de and relative area of the 

nozzle inlet ( )2
4 /c c mpF F dp= . An essential fault of the methods is impossibility of 

unambiguous determination of the precise coordinate of spatial points in the energy 

separation chamber volume in which the maximum attainable heating effect are 

observed. 

Obviously exergy of vortex energy separator as for implementation of 

temperature stratification (energy separation) depends to a large extent on the value 

of the kinetic energy introduced in into it through the swirling device nozzle inlet 

entering with the compressed gas of the inlet stream. Exergy is defined through the 

inlet gas flow 1G , and average mass velocity of its outflow from the nozzle of the 

flow swirling device 1V j , the value of which depends on the working medium 

parameters at the inlet 1P· , 1T · and the vortex tube expansion ratio mpp . The latter is 

determined to a large extent by the correlation of the areas of the diaphragm orifices 

дf  and the nozzle inlet cF  – /д cf F  and defines in the issue the values of the kinetic 
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energy at the inlet and at the outlet. The difference between them is spent on the 

dissipating moments: friction on walls of streamlined surfaces and turbulence 

generation. Energy separation quality depends on the excess of turbulence generation 

over dissipation [1, 4...6]. With increase of cF   and дr , the value of kinetic energy Е 

introduced into the energy separating chamber grows which results from the physics 

of the phenomenon. The calculations accomplished permitted to assign for each of 

the given sizes the second size ensuring obtaining of maximum attainable values of 

the kinetic energy introduced (Fig.2). 

In Fig.3 dependence of the part of the kinetic energy introduced into the VT 

energy separation chamber with the swirled gas flow spent on turbulence generation 

is shown - 1Ed . Dependence of its relative value 1/E E Ed = D  on the tube geometry, 

flow swirling device nozzle inlet pressure 1P· , as well as the full temperature of 

compressed gas 1T · , presentation in Fig.3.  Current density 1 1Vr  and value of relative 

shear speeds with which turbulence generation increases exert principal impact on 

values Е1 and Ed  [5] 

( ) ( ) ( ) ( )2/ / / /r z r z zГ U U V r U U V r U U V r U V rg g= × ¶ ¶ - × ¶ ¶ + ¶ ¶ + ¶ ¶                

and as result its excess over dissipation D 

                        ( ) ( ) ( ) ( ) ( )3 3 3
1/ 0, 4 15 /æ r r rVГ D r V V rgn eg e l- = - + × × × ,                     

(15) 

where ,Г D are specific values of generation and dissipation of turbulent energy, 

U are components of the fluctuating part of velocity, V ist he modulus of averaged 

velocity, , ,æl g  are the constants, Тn  is turbulent viscosity. 

Application of the constants involved to calculate the turbulent flows including 

those in the one-outlet VT permits to evaluate turbulence intensity e  [7] 

                                          
2 2 2

2
2 2

3 0,
æ
3 3

r zU U U
V

je
+ +

= =
×

. 

Two further constants establish linkages between mixing length eL , and typical 

linear turbulence micro-scale ol  respectively: 
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1eL rl= × ;             1ol rg= × . 

Considering the constant numerical value æ =0,03 one can find the calculation 

value of turbulence intensity in the dislocation area in the energy separation chamber 

0,7 0,85r£ £  equal to e = 25,8 %, which conforms to the known experimental data 

[7] equal l =0,5…0,6; g =0,05, respectively. 

 

  
Fig. 2 Dependence of kinetic 

energy of the flow at the outlet from the 

nozzle inlet on its relative area 

1P· =0,45 МПа; 1T · =300 К; m =1 

1 дr- =0,2; 2 дr- =0,6; 3 дr- =0,7; 

4 дr- =0,8 

Fig. 3 Dependence of value Ed  on 

pressure 1P·  at the inlet into the swirler 

nozzle 

1m = ; cF =0,15; дr =0,5; 11 Т ·- =300 К; 

12 Т ·- =500 К; 13 Т ·- =1000 К; 14 Т ·- =700 

К; 15 Т ·- =1300 К 

 

                 

Temperature growth at the inlet 1T ·  is accompanied by current density decrease 

Vr   and increase in specific turbulent energy dissipation D due to the growth of the 

effective turbulent viscosity value vT which results in decrease of relative part of 

kinetic energy spent on work of micro-cooling cycles (Fig. 4). Moreover negative 

influence of temperature growth increases with growth of diaphragm orifice relative 
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radius (Fig. 5) and it results in decay of heating effects. Besides with temperature 

growth change of the thermal behavior of the working medium к(Т) and R(T) exerts 

negative influence on energy separation, as well as after 1 1700T K· =   on the process 

connected with gas ionization (Fig. 6). Calculation results and their comparison with 

experimental data are presented in Fig. 5 and 6. One can mention the presence of the 

areas in the energy separation chamber located in the potential peripheral vortex at 

the relative radius 0,8r ³  in the region joining the VT butt end with gas temperature 

exceeding the full temperature at the inlet. The curves reflect the total influence of 

duty and geometrical parameters. As diagrams show the calculating results correlate 

satisfactorily with experimental data according to mathematical implementation of 

heating effect calculations under consideration. The quantitative discrepancy can be 

explained by two reasons. Calculation implied the utmost possible heating effects 

without taking into account present of energy pick-up due to emission of acoustic and 

electromagnetic waves accompanying flow in the VT. Errors of both calculation and 

experimental methods, including non-adiabatic behavior of actually tested VT make 

their contribution to this discrepancy. The experiment and the materials of the 

analysis accomplished permit to draw some conclusions: 

 
 

Fig. 4 Dependence of value Еd  on 

1Т · . 1Р· =0,6 МРа; m =1; cF =0,11. 

1 дr- =0,5; 2 дr- =0,6; 3 дr- =0,8 

Fig. 5 Dependence relatively 

heating effects гq · on от cF  1Т · =300К; m

=1 
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1 cF- =0,05; дr =0,5; – ● – 

2 cF- =0,07; дr =0,6; – ♦ – 

3 cF- =0,09; дr =0,7; – ▲ – 

4 cF- =0,11; дr =0,8;  – ○ – 

A valid calculation method has been suggested to analyze the presence of 

regions with elevated temperature in one-outlet VT, where heating effects in certain 

combination of control parameters can reach 50 %. This phenomenon can 

successfully be used to decrease temperature at the inlet into the ignition device over 

the same 50 %, at this temperature thermal ignition of air-fuel mixture occurs in 

comparison with its table parameters, namely while generation of vortex igniters and 

burning devices. 

 
 

 
Fig. 6 Dependence гq ·

 on the working 
substance temperature 1T ·  at the nozzle inlet 

cF =0,11; дr =0,5 

11 Р·- =0,3 МРа; 12 Р·- =0,4 МРа; 13 Р·-

=0,5 МРа; 14 Р·- =0,6 МРа 
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In this article we describe the influence of temperature on the EPR spectrum of 

Eu2+ ions in the matrix BaMg2Al16O27 ranging from 70 K to 493 K. It is shown that 

the temperature change does not affect the position of the lines in the EPR spectra. In 

doing so, we discovered the feature of the behavior of the absorption line with g ≈ 2 

by rising  temperature. 

Key words: aluminate phosphor, electron paramagnetic resonance (EPR), 

paramagnetic centers Eu2+,  EPR spectrum, temperature dependence. 

It is known that the temperature exert influence on the EPR spectra. [1]. 

Therefore, to determine the thermal stability of the energy characteristics absolute 

interest represents the investigation of the temperature dependence of the 

characteristics of the EPR spectra of the phosphors. 

In this article we pose the problem of investigating the evolution of the EPR 

spectra of Eu2+ in the matrix of the aluminate phosphors used in modern light sources 

in the temperature range from 77 to 493 K. 

As the sample we selected phosphor, which emits in the blue region of the 

spectrum, the most commonly used in three-component mixture for energy efficient 

fluorescent lamps, and in means of the information displaying :  (BaMg2Al16O27: 

Eu2+) [2-5]. 

Registration of the EPR spectra was made by radiospectrometer EPR PS100.X 

microwave field at a frequency of f = 9,34 GHz. For heating and temperature 

stabilization was used thermostat of the EPR spectrometer with temperature control 

tSTAT335b. Thermostat contains the tube of Dewar, made of stainless steel. There is  
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a resistive heater inside the tube. It controls the temperature of the air stream. 

Thermostat contains also quartz tube, inside of which is a thermocouple measuring 

the temperature of the air flow. The Dewar heater is managed by a unit of the 

microcontroller. The measurements were performed in the range from 77 to 493 K by 

20K. For the measurement of the EPR spectra at liquid nitrogen temperature (T = 

77 K) was used filling the dewar. 

Fig. 1 shows the change in ESR spectra phosphor BaMg2Al16O27: Eu2+ when 

heated to 493 K. The EPR spectra recorded absorption lines due Eu2+ ions with g = 2, 

4.9, 7.1 which is the most intense line with g = 4,9 ( Fig. 1). 

For the analysis of the transformation of the EPR spectra of phosphors with 

increasing of temperature were built  dependences of g-factor, the intensity of the 

derivative of the absorption line I' and the line width Δ Нрр the temperature T (Figure 

2-4). 

 

 
Fig. 1. The temperature dependence of the EPR spectra of Eu2+ in the 

matrix BaMg2Al16O27 
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Fig. 2. Depending on the values of g-factors of the absorption lines in the 

EPR spectrum of the temperature 

 

 
Fig. 3. Dependence of the normalized intensities of the EPR lines of the 

temperature 

 
Fig. 4. Depending on the width of the absorption lines in the EPR spectrum 

of the temperature 
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As can be seen from Fig. 2 for the phosphor BaMg2Al16O27:Eu2+ increase in 

temperature does not affect the position of the most pronounced absorption lines in a 

magnetic field, the field is resonant absorption lines, and therefore the values of g-

factors in the investigated temperature range remain unchanged. 

At the same time, as follows from the results obtained, the intensity of the lines 

depends on the temperature. From the data presented in Fig. 3 dependence of the 

absorption intensity of the temperature for the sample BaMg2Al16O27:Eu2+ can be 

seen that the intensity of the line with the value of g ≈ 2 increases with increasing 

temperature, and the intensity of the lines with a value of g = 4,9; 7,1 thus tends to 

decline. The line width ΔНрр with a g-factor of 2 decreases with increasing 

temperature, and ΔНрр lines with g = 4,9; 7,1 temperature has almost no effect 

(Fig. 4). 

Most dependence of parameters (I' and Нрр) versus temperature observed for 

the line with the value of g ≈ 2, and the lines with g = 4,9; 7,1 observed temperature 

effect only on their intensity, wherein a line with g = 4,9 more than a line with g = 

7,1. To explain this phenomenon in Fig. 5 were constructed theoretically calculated 

according to the Boltzmann factor e-gβH/(kT) of the temperature T for different fields H.  

 

 
Fig. 5. The dependence on the temperature of the Boltzmann factor 

 

From the plots shown in Fig. 5 shows that with increasing H dependence of       

e-gβH/(kT)(T) increases, especially at low temperatures. Thus, large temperature 
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dependence of the lines with g = 2 and 4,9 over the line with the value of g = 7,1 due 

to the fact that in large fields Boltzmann factor strongly depends on the temperature 

than in small fields. 

Thus, the study of the temperature dependence of the EPR spectra 

BaMg2Al16O27:Eu2+ showed that the temperature change does not affect the position 

of the lines in the spectra, indicating the high thermal stability of the energy 

characteristics of the environment and nature centers Eu2+. At the same time, the 

observed feature of the behavior of the absorption line with g ≈ 2 at higher 

temperatures. This may be due to the fact that the absorption line with g = 2, 4.9, 7.1 

belonging to different types of paramagnetic centers in the matrix Eu2+ 

BaMg2Al16O27. 
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This paper presents the results of experimental studies of thermal expansion, 

melting point, micro-hardness, elastic modulus and estimates of characteristic 

temperatures, the velocity of propagation of sound waves, the strength characteristics 

(Young's modulus, shear modulus, Poisson's ratio, fragility, etc.) for dodecaborides 

YB12, TbB12, DyB12, HoB12, ErB12, TmB12, YbB12, LuB12, ZrB12. 

Key words: refractory compounds, the mechanical characteristics, the 

characteristic temperature, Young's modulus, shear modulus, Poisson's ratio, 

brittleness. 

Introduction. The refractory borides, carbides, silicides, oxides, etc. compounds 

have a number of remarkable properties: a wide range of electrical, magnetic 

properties, high melting point, high resistance to the action of acids and mixtures 

thereof, the absorption of radioactive radiation and other practically important 

properties. Problematic, however, is that the high brittleness, low ductility, and 

thermal stability, lack of knowledge of their mechanical properties such as modulus 

of elasticity (Young's modulus), the shear modulus, bulk modulus, Poisson's ratio and 

others [1], often limit the use of a wide term problems of strength of these 

compounds, especially with regard to the phase dodecaborides isomorphic with the 

structure of rare-earth metals such as UB12 - YB12, TbB12, DyB12, HoB12, ErB12, 

TmB12, YbB12, LuB12, ZrB12. Mechanical properties of these compounds have hardly 
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been studied. Therefore, consideration of problems in the broad sense of safety for 

these phases is highly relevant [2]. 

The mechanical properties of the rare earth metals dodekaborides phases is of 

interest not only from the point of view of their practical use as a durable, hard, 

abrasive materials, and from the relationship of these parameters with the thermal 

properties, the electronic structure, the type of the chemical bond therein. It is 

generally known that the hardness, friability, and other similar characteristics 

increases with the proportion of covalent bond. By the way, this is the type of 

chemical bond is prevalent in dodekaborides phases in consequence to preserve them 

icosahedrons B12, inherent in the pure forest, as one of the hardest materials in nature. 

The purpose of the paper is that on the basis of known relationships between 

mechanical parameters and thermal characteristics determined experimentally 

evaluate the strength parameters dodekaborides phases YB12, TbB12, DyB12, HoB12, 

ErB12, TmB12, YbB12, LuB12, ZrB12. 

Results and discussion. Dodecaborides rare earth metals borotermicheskogo 

synthesized by the reduction of oxides of metals using an excess of boron in the 

charge that allowed by the two-step process to obtain single-phase material [3]. 

Compact borides samples studied were fabricated by sintering preliminarily 

compacted powder briquettes dodecaborides crucibles zirconium diboride bed of a 

coarse powder of sinterable boride in argon at temperatures of 2100К to 2200K and 

holding for two hours. Cooling was carried out at temperatures 200degree/hour to 

900K, and further - together with the furnace to room temperature. The resulting 

samples had a porosity of 15-20% and, according to X-ray and metallographic 

analyzes were single phase. 

The samples for the study of the physical properties of the cut on the electric 

spark machine. 

Thin sections for micro-hardness measurements of samples were prepared by 

sequential treatment for grinding wheels type ASO - 16 - 61 - 50 with a final 

polishing with diamond grit disks 100, 30, 3mkm. Identification of the structure after 

polishing produced by chemical etching. In this shot peening surface caused by 
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polishing. The microhardness was determined on mikrotverdometre PMT-3 

etalonirovannom carefully through the crystal NaCl at 300K. Loading time 10s, 

inductor loaded weights of 30, 50, 100, 150, 200g. At each loading was performed 

30-50 microhardness measurements dodecaborides. It is established that, from a 

certain load (for dodecaborides 100g) microhardness dodecaborides almost 

independent of the load. Microhardness for dodekaboridnes phases were 3200, 3000, 

2600, 2400, 2700,2800,3000,2900 kg/mm2, respectively, for YB12, ZrB12, TbB12, 

DyB12, HoB12, ErB12, TmB12, LuB12. For dodecaboride ytterbium at loading 50g or 

more were observed chips (H30=3300kg/mm2). 

For the calculation of the characteristic (Debye) temperature related to the speed 

of sound waves by (1) 
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g      (1) 

a quartz dilatometer investigated the thermal expansion dodecaborides and other 

values were determined in the formula (2) 
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M

NCZД  [4].    (2) 

The calculated values of the characteristic temperature practically coincided with 

the values of this parameter obtained from the X-ray spectra[5]. 

Melting points dodecaborides metals were determined by Pirani-Altertuma (drop 

method), which consists in measuring the optical micropyrometer intensity of 

blackbody radiation in the center of the sample is heated by electricity. By heating the 

sample hole in it will seem brighter than the surrounding surface, which loses heat by 

radiation. Upon reaching the melting point of the hole formed in the middle drop and 

darkens it. Measured at this point, the temperature is the melting temperature of the 

material - dodecaborides. 

The experimental and calculated values dodecaborides characteristics are 

summarized in Table 1. 
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Table 1 

Boride 

Mol. 
weight 
М·10-3, 
kg/mol 

Densit
y 

ɣ·103, 
kg/m3 

Heat capacity 
С, Dg/(mol·К) 

Microha
rdness 
Н100, 

kg/mm2 

Coef. of 
thermal 

expansion 
α·10-6, К-1 

The 
characteristic 
temperature 

Θ, К 

Mean 
square 

vibration of 
the atom 

,10 102 -×u
m 

Тm, 
К calcul

ated 
[9] 

YB12 218,732 3,444 158304,71 3200 3,2 1052 1094 0,029 2950 
TbB12 288,656 4,540 160523,71 2600 3,6 900 834 0,042 2400 
DyB12 292,232 4,611 160398,11 2400 4,6 850 871 0,026 2550 
HoB12 294,732 4,655 160398,11 2700 3,6 872 886 0,026 2750 
ErB12 296,982 4,706 161277,34 2800 3,7 872 888 0,026 2600 
TmB12 298,732 4,756 160146,90 3000 3,8 868 886 0,027 2750 
YbB12 302,732 4,820 158262,84 - 3,7 845 858 0,028 - 
LuB12 304,732 4,868 160146,90 2900 3,4 878 878 0,029 2650 
ZrB12 220,952 3,611 158304,71 3000 3,5 976 976 0,029 2750 
UB12 367,732 5,855 133180,24 - 4,7 - 758 0,024 2500 

Using the formula 
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forward speed of propagation of sound waves in polycrystalline samples 

dodecaborides rare earth metals and the relation 

g
Gvt =       (4) 

find the shear modulus 
2vG ×= g       (5) 

for boron and dodekaboridnes phases (Table 2). 

Representations of Koester and Frantsevich by the formulas: 
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we estimate the Poisson's ratio and compare it with those of the borides TiB2 and 

ZrB2. 
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From the relation ( )m+
=

12
EG  find a Young's modulus of dodecaborides and then 

the coefficient of elasticity  

( )m+= 12GЕ .     (8) 

Compare this value with the values obtained from the formula of Frenkel 

EnR
nk

3
0

=a ;      (9) 

3
0Rn

nkE
××

=
a

[7]     (10) 

and claims Frantsevich 

6
1

3
1

3106818,1

g×

××
=Q

М

ЕД , 62

3
1

3
2

2

106818,1 ×
Q

=
gМЕ [8]    (11) 

experimental (Table 2) of our studies modulus dodekaboridnes phases as 

described for the determination of the values for the rectangular beam, clamped at 

one end. 

The elastic modulus of phases MeВ12 calculated by the formula 

hb
h
lР

Е
××

÷
ø
ö

ç
è
æ

=
a

2

6
      (12) 

where P - load the sample (N); l - length of the sample (m); 

h - thickness of the sample (m); b - width of the sample (m); 

L
la =  (λ - arc deflection, L - length) - the angle associated with the arc trough. 

It is possible to take into account the values of the mechanical properties of 

boron G=0,32·1012N/m2, Е=0,39·1012 N/m2 and μ=-0,39 [9]. 

It is noteworthy that the obtained values of Young's modulus for dodecaborides 

virtually the same as those based on equations (8), (10), (11). 

Young's modulus dodecaborides earth elements (≈0,2 1012N/m2) much less than 

the Young's modulus of pure boron (0,32 1012N/m2) and zirconium and titanium 

diboride (0,42 1012N/m2). 
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Table 2 

Boride 

Densit
y 

ɣ·103, 
kg/m3 

The 
charact
eristic 

tempera
ture 
Θ, К 

Melting 
point 
[5] 

Velocity of 
sound  
v, m/s 

Shear modulus 
G·1012N/m2 

Poiss
on's 
ratio 

Young's modulus  
Е·1012, N/m2 

From 
v 

From 
Е [8]  

Calcu
lated 
by us 

[7] (11) 
Expe
rime
ntal 

YB12 3,444 1094 2950 7520 0,165ӿ 
0,195 0,180 0,31 0,27 0,18 0,23 0,25 

TbB12 4,540 900 2400 6000 0,160 0,141 0,36 0,20 0,22 0,18 - 
DyB12 4,611 850 2550 5740 0,150 0,151 0,37 0,20 0,21 0,19 0,19 
HoB12 4,655 872 2750 5880 0,160 0,166 0,34 0,21 0,20 0,22 0,190 
ErB12 4,706 872 2600 5888 0,160 0,143 0,30 0,22 0,20 0,20 0,195 
TmB12 4,756 868 2750 5820 0,160 0,157 0,33 0,21 0,20 0,21 0,197 
YbB12 4,820 845 - 5688 0,156 0,154 0,35 0,20 0,20 0,20 0,198 
LuB12 4,868 878 2650 5900 0,170 0,141 0,36 0,22 0,19 0,18 - 
ZrB12 3,611 976 2750 6520 0,154 0,156 0,39 0,19 - 0,19 0,20 

TiB2 - 615 2900 - 0,130
[9] - 0,42 0,37 

[9] - - - 

ZrB2 - 481 3040 - 0,120
[9] - 0,42 0,35 

[9] - - - 

B 2,340 1200 - 
16200[5] 
15600 – 
рассч. 

0,320
[5] - 0,39 0,39 

[5] - 0,33 - 

ӿ Published data [10]. 

This result indicates that the metal component in the rare earth element 

dodekaboridnes phase plays the role of a plasticizer that reduces the strength 

characteristics of said phases compared with a pure boron. 

An important mechanical feature of refractory compounds, and borides, in 

particular, there brittleness. To assess the fragility of the work [11] proposed to use 

the value of the mean-square fluctuations of atomic complexes 2u  and work 2Qm . 

The authors [11] assume that the growth occurs as the brittleness of these parameters 

decrease. 

As can be seen from Table 3, a clear conclusion about the fragility 

dodekaboridnes phases in comparison with other higher borides of MeB2, MeB4, 

MeB6, MeB12 today do not seem possible since failure studies of these characteristics 

(Table 3), but lower values 2u indicate a high brittleness of the phases MeВ12. 
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Table 3 

Boride 

Mean square 
vibration of 

the atom 

,10 102 -×u
m 

2Q×m  Θ, К Е·1012N/m2 G·1012 N/m2 Microhardness 
Н, kG/mm2 

YB4 0,028 99 670 - 0,29 [11] 2850 
YB6 0,047 131 570 - 0,27 [11] 2575 

YB12 0,029 436 1094 - 0,165 [11] 
0,195 2500 

TbB4 0,023 147 661 - - 1897 
TbB6 0,047 177 690 - - 2300 
TbB12 0,025 389 900 0,20 0,160 2600 
DyB4 0,022 184 698 - - 1896 
DyB6 - - - - - - 
DyB12 0,026 352 850 0,20 0,160 2400 
HoB4 0,029 91 514 - - 1684 
HoB6 - - - - - - 
HoB12 0,026 371 872 0,21 0,160 2700 
ZrB2 0,081 196 765 0,15 0,120 2252 
ZrB12 0,029 350 976 0,19 0,160 2750 

Conclusions. The experimental data of increased values of micro-hardness, high 

melting point and the characteristic temperatures at significantly low values of the 

coefficient of thermal expansion and the values of the phases MeB12 strength 

properties comparable to those of pure boron indicate that dodecaborides rare earth 

metals with the structure of UB12 - refractory compounds with high strength 

properties, require further study, particularly with regard to the mechanism and the 

nature of their mechanical properties, the characteristics of the electronic structure 

and chemical bonding. 
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The results of comparative analysis of gravitation-wave observatory LIGO data 

associated with gamma-ray burst GRB 051103 at maximum sensitivity frequency 

domain (100-200 Hz) are presented. The non-stationarity of the L1 detector’s signal 

in time-frequency domain with the exact binding its manifestations at GRB 051103 

was observed. Based on known astrophysical models and data an interpretation of 

results is offered. The interpretation supposes the indirect registration via detector 

L1 LIGO of gravitational waves which are associated with GRB 051103. 

Keywords: time-frequency analysis, gravitational waves, gamma-ray bursts, 

binary systems, black holes.   

A registration of gravitational waves which was predicted the general relativity 

theory (GRT) will be important experimental result for confirmation of the 

Universe’s modern physical picture, because in this case the space-time continuum 

will be not only  mathematical model, but will acquire the physical object’s 

properties [1.2]. Therefore, today some famous projects to find gravitational waves 

there are. The projects which were based on the use of ground-based laser 

interferometers: American project LIGO (Laser Gravitational-wave Observatory) and 

the European project Virgo were most successful. 

  A measure of the magnitude of gravity waves at interferometry is a 

dimensionless relative interferometer base’s deformation h (strain) under the 

influence of gravitational wave. However, at estimation of the interferometer’s noise 

level a dimensions amplitude hc measured in Hz-1/2. The noise of the four kilometers 

detectors L1 and H1 into the maximum sensitivity frequency band (100-200) Hz at 

final series of measurements was not greater than 3·10-23Hz-1/2, which corresponds to 

the project’s target settings. Noise levels of the two kilometers detectors H2 and L2 

are 8dB greater than the noise levels of the four kilometers detectors. Interferometer 

currently decommissioned and rebuilt on an improved version (Advanced LIGO) 

which must provide noise reduction to 3·10-24Hz-1/2 after 2017-2018 years [3]. 

 Amplitude-frequency characteristics of the expected sources of gravitational 

waves are well known [4,5]. LIGO project was focused on registration of 

gravitational waves from merging neutron stars and the collapse of supernovas’ 
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external shells in the frequency range 10 – 103 Hz. The project was designed to direct 

registration of gravitational waves. An estimation of waves polarization can be made 

by pairwise perpendicularly arrangement of detectors, and recognizing of directions 

to sources can be made by presence of significant distance between similar detectors 

(L1, L2 detectors are located in Louisiana; H1, H2, detectors are located in 

Washington State). The methods of analysis are mainly aimed at the identification of 

statistically significant relationships between the signals of the detectors.  But until 

now on this way at achieved noise’s level the useful signals are not registered. 

July 11, 2012 the comprehensive report based on the results of the study of the 

relationship between the short gamma-ray burst GRB051103 and synchronous 

measurements of the gravitational wave magnitude by LIGO’s L1 and H2 detectors 

was published on the LIGO’s Document Control Center website [6]. A statistically 

significant correlation between gamma-ray burst and interferometric data have been 

not identified [7]. The report was accompanied with publication of the 

measurements’ data: strain registration by detector H2 (H2-STRAIN_16384Hz-

815043278-2190 and H2-STRAIN_4096Hz-815045078-256), strain registration by 

detector L1 (L1-STRAIN_16384Hz-815043278-2190 and L1-STRAIN_4096Hz-

815045078-256) and noise spectrum for the detectors, related to the same point in 

time. According to file name data sampling rate were 16384S/s (samples per second) 

or 4095S/s, the recording duration 256s or 2190s and sampling beginning time 

GPS815043278 (03.11.05 08:54:25 GMT) or GPS815045878 (03.11.05 09:24:25 

GMT). GRB051103 beginning GMT is 09:25:43, 03.11.05 785, and its total duration 

17 ms (time of maximum glow is about 2ms) [8]. 

Additionally, in the description of the report [6], it was reported that the data with 

sampling frequencies 16384Hz and 4095Hz are the result of high-pass filtering 

source data with cut-off frequencies 20 Hz and 30 Hz, respectively, in order to reduce 

the influence of the dominant seismic noise. 

Figure 1 presents the results of the spectral analysis of sensors’ (L1 and H2) 

signals in frequency band where interferometers have maximum sensitivity. Despite 

high-frequency filtering of signals L1-STRAIN_16384Hz-815043278-2190 and H2-
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STRAIN_4096Hz-815045078-256 their spectrum in frequency band 100-200 Hz is 

the negative-going branch of the dominant noise. Seismic noise masks these signals. 

Signal spectrum L1-STRAIN_4096Hz-815045078-256 in the same frequency band 

has a manifest local minimum which indicates adequate rejection of dominant noise 

only for L1 detector by using regimes of registration and preprocessing. Therefore a 

comparative analysis of signals in the greatest sensitivity’s domain is meaningless, so 

further analysis was done only for the signal L1-STRAIN_4096Hz-815045078-256. 

 
Fig.1. Spectrums of the signals from up to down: L1-STRAIN_16384Hz-

815043278-2190; H2-STRAIN_4096Hz-815045078-256; L1-STRAIN_4096Hz-

815045078-256 

In the papers [9,10] we have proposed and approbated high-sensitivity method of 

analysis for detection of harmonic and quasiharmonic signals amid the random noise. 

The method is based on a comparison between signal’s waveform and sine wave with 

analyzed frequency, regardless of signal’s amplitude. Proposed method was called 

form-analysis. The result of analysis for digital signals is a two-dimensional matrix If 

(m, n), each element of which is form-index If (m, n), where m,n is analyzed period 

and time in samples. The form-index is a non-dimensional measure of similarity 

between signal’s waveform at time n and sine wave with period m. The form-index 
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has maximum value 3 for pure harmonics with period m and minimum value -1 

(background) for signals with non-harmonic waveforms.  

 
Fig.2. Results of form-analysis for the arbitrary part of the signal  

L1-STRAIN_4096Hz-815045078-256 

Figure 2a presents the results of analysis for arbitrary part of signal L1-

STRAIN_4096Hz-815045078-256 with duration in 7500 samples (~ 1, 83s') and with 

periods from interval 20-30 samples (4,9-7,3ms). The form-factor exceeded over the 

background value only in periods’ interval m = 24-29 (5,9-7,0ms), which corresponds 

to the frequency range of 140-170Hz. 

Taking into account the properties of the form-analysis the registration significant 

form-factor in the frequency band 140-170Hz can be bound up with presence in the 

band the physically implemented vibrations which are independent from detector’s 

seismic noise. These vibrations can be considered as a useful signal only in terms of 

its differences from the nature of detector’s basic noise. The observed vibrations by 

type of manifestations can be attributed as detector’s thermal noise which determines 

the interferometer’s sensitivity at frequency ~ 100 Hz [11]. 

For bringing information about useful signal’s properties to only one non-

dimensional parameter resampling of signal L1-STRAIN_4096Hz-815045078-256 

with sampling rate 820S/s was fulfilled after the procedure of low-pass digital 

filtration. As a result the resolution of analysis was reduced fivefold. In Figure 2b 
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presents that after resampling all information about the useful signal gone in band 

m=5 (period 6, 1ms, frequency about 160Hz). The dynamics of form-index of useful 

signal in that band corresponds to stationary random process. 

 
Fig.3. Results of form-analysis of the signal 

L1-STRAIN_4096Hz-815045078-256 on full time interval 

In Figure 3a presents the results of analysis of signal L1-STRAIN_4096Hz-

815045078-256 after resampling on full time interval 256s. On long time intervals the 

form-index remains stationary, but on relatively short time intervals (windows-like) 

the form-index is reduced until background values (-1) that corresponds to a rapid 

decrease in  useful signal-to-seismic noise ratio. Comparison of signal start time with 

time short gamma-ray burst GRB 051103 indicates that the gamma-ray burst 

occurred 79s after the start of the recording (in Figure 3 the time gamma ray burst is 

marked as a black arrow on the timeline). Gamma-ray burst is exactly concurring 

with front border of second window. This coincidence may be not accidental, since 

the gamma-ray burst was very short (17ms) and throughout the signal (256s) only 

two windows with explicit front border is observed. 
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Interrelation between short gamma-ray bursts and gravitational waves derives 

from some physical models of GRB’s origin which are based on coalescence of 

compact objects in binary systems [12]. If the speed of gravity waves equal to the 

speed of light in vacuum, a synchrony between gamma-ray bursts’ and gravitation 

waves’ registration must be observe.  By analogy, we can assume that non-

stationarity in the process (fig. 3a) associates with relatively slow changing of 

detector’s dynamic properties which is caused changing space-time properties 

(metric) as result of incoming gravitational waves associated with a process of 

gamma-ray burst generating. Since seismic noise detector is the monochromatic 

signal with random amplitude we can assume as first approximation that with the 

arrival of gravitational waves a Q-factor of the seismic noise is reduced. 

At lower values of form-index in the windows a decrease of form-index dispersion 

there is too. The Figure 3b presents the form-index dispersion’s value during 

observation time in decibels relative to the maximum value. The lowest dispersion 

values occur in area of the windows’ bottoms, but the dispersion axis on the Figure 

3a was turned to traditional format, in which the gravitational wave magnitude 

increase corresponds to the visual increase of estimation parameter (dispersion). 

The gamma-ray burst GRB 051103 belongs to the gamma-ray bursts with known 

direction to the source. The most likely source of the burst was in a group of actively 

interacting galaxies M81/M82/NGC3077, located at a distance of 3.6 Mps (12 million 

light years) from Earth [13]. Interest to GRB 051103 as a potential source of 

gravitational waves was connected, firstly, with the relative proximity of galaxies 

groups M81/M82/NGC3077 to Earth and, secondly, with the ability to generate large-

amplitude gravitational waves in the course of astrophysical processes (coalescence) 

by generating of short gamma-ray bursts. 

The Fig. 4 presents a qualitative scheme of gravitational waves generation during 

the process of compact binary objects’ coalescence by K. Thorne [14]. The 

coalescence is begun by a lengthy stage of inspiral (1) that ends with the last stable 

circular orbit. In some papers [15,16] the final stage of the inspiral is called plunge. 

After passing the event horizon there comes a merger stage (2) that ends with the 
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formation of a rotating Kerr black hole. At ringdown stage (3) a magnitude gravity 

waves of Kerr black hole rapidly decreases without frequency changing. 

The coparison Fig.3b and Fig.4 shows a quality similarity between waveforms. 

Similar parts of waveforms in figures was marked by vertical arrows, which allow to 

mark of coalescence stages. The first two high waves in Figure 3b belong to inspiral 

stage and the last three waves belong to ringdown stage. 

 
Fig.4. Estimating gravitation wave-form from binary coalescence 

Waiting the project LISA (Laser Lisa Space Antenna) realization the binary 

objects as sources of low-frequency gravitational waves have been the subject of a lot 

theoretical studies [15, 16, 17, 18], based on the numerical simulation of the 

coalescence dynamics. The quantitative estimations of gravitational wave’s 

parameters for different types of compact objects at inspiral stage and at ringdown 

stage were received. At merger stage the coalescence’s processes are chaotic, so the 

parameter of gravitational waves and duration of the stage are not known [14]. 
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Fig.5. Results of the wave-form modeling 

The Figure 5 presents the results of a simulation of the coalescence of two 

compact rotating objects with mass ratio 1: 4 [17]. The legs of theoretical waveform 

corresponded to results of analysis (fig. 4b) are shown by vertical arrows. At merger 

stage the theoretical waveform is absent by reason of both theoretical and 

computational complexities of modeling. In the system G = c = 1 time is measured in 

M = 5 · 10-5 (M/MSun) c, where M  is the total mass of coalesced objects; MSun is the 

mass of the Sun. Time scale’s zero corresponds to the transition of a smaller object 

through the event horizon. 

By comparing figures 3b and 5 an estimate of the total mass of the coalesced 

objects may be made. At ringdown stage Mω = 0.23, where ω is the angular 

frequency of objects’ rotation which is two times less than gravitational waves’ 

frequency. In Fig. 3b wave’s period at ringdown stage Tring = 40 c, so the total mass 

of objects: 

M = (Mω) ·2Тring ·(2π)-1=0,23·80/6,28 = 3c = 6·104 MSun. 

According to the estimation and by the model presented in Figure 5 the mass of 

small object is 12000 MSun, and the mass of large object 48000 MSun. The objects of 

such mass can be the black holes only, but their mass is less than the mass of the 

supermassive black holes (105 MSun) and much more than the mass of stellar-like 

black holes. The estimated mass is not typical for black holes, but compact objects 

with middle mass were observed in X-ray range by telescope Chandra. The compact 
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objects in the Galaxy M82 have masses in range from 12000 MSun to 43000 MSun [19]. 

It is an important discovery in astrophysics for the last time. The close convergence 

the estimated mass with results of direct X-ray observations in most likely source’s 

area confirms an interpretation truth. 

Additionally an estimation of angular velocity increase for the last stable circular 

orbit can be received on Fig.5. On the time interval about 20M the angular velocity 

increases about twice from 0.1/M to 0.2/M. On Fig. 3a width of first window is 8, 

25c, and width of second window 4,5c, that corresponds to approximately doubling 

the angular velocity on the last stable circular orbit too. 

The existing level of knowledge about generation of powerful gravitational waves 

dynamics allows searching and primary identification based on analysis of signal 

only one detector with a maximum sensitivity. 

The comparative analysis of the potential gravitational waves’ sources leads to 

conclusion that waves with greatest amplitudes can be obtained in the low frequency 

range from coalescence of black holes with total mass in range from 104MSun to 

106MSun. The results of direct observation of sky in the X-ray range evince that such 

events can to occur in nearby galaxies and that further increases the estimate of the 

expected gravity waves’ magnitude. However, ground-based laser interferometers 

have maximum sensitivity in the middle frequency range and do not allow the direct 

registration of low-frequency waves. 

The analysis LIGO detectors’ signals shows that the seismic noise at frequencies 

20-30 Hz mainly determines their waveform. The method of analysis, which allows 

registering in frequency domain of detector’s higher sensitivity the weak useful 

signals not related to formation of the seismic noise waveform, is presented. 

The analysis of available LIGO’s data associated with GRB 051103 led to 

conclusion that only the data of L1 detector sampled with rate 4096S/s can be 

appropriate for investigation in frequency domain of interferometer’s greatest 

sensitivity.  Other data in the domain are masked by the seismic noise. 

As result of the investigation the stationary random useful signal was received. 

Some windows-like stretches where signal’s stationarity was broke were registered. 
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The GRB 051103 is exactly concurring with front border of one of the stretches. 

From assumptions about an exposure of low-frequency gravitational waves with large 

magnitude on the ratio “useful signal / seismic noise” a possible of gravitational 

waves’ indirect observation associated with GRB 051103 was proclaimed. As other 

appropriate signals for comparative analysis was have not, a dynamic interpretation 

of the results is the only one way to the hypothesis’ confirmation. 

In accordance with available results of theoretical modeling of gravitational 

waves for binary systems the total mass (6·104 MSun) of the compact objects was 

estimated. At first time the appropriate waveform from compact objects’ coalescence 

was observed experimentally. Moreover our estimation of binary system’s mass 

corresponds to the independent estimation of the black holes’ masses in the galaxies 

group M81/M82 /NGC3077 associated with gamma-ray burst GRB 051103 from 

direct observations in the X-ray range. 

Simultaneous registration of gamma ray burst GRB 051103 and reception of 

gravitational waves directly confirms that the speed of gravity waves’ propagation is 

equal to the light speed in vacuum and coalescence of intermediate-mass black holes 

can be considered as a sort of “central engine” for generation of short gamma-ray 

bursts. 
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ISOTHERMAL FLOW OF FLUIDS INTO THE TRUNK HORIZONTAL 

WELL INFLOW INTELVALS 

Bashkir State University 

 

In this paper the isothermal flow of the fluid in the trunk of a horizontal well. On 

the basis of mathematical modeling of the equations of motion and the law of 

conservation of mass is determined by the speed and pressure at the inflow of the 

interval filter horizontal well. 

Keywords: speed, pressure, equation of motion, a horizontal well. 

In designing fracturing horizontal well having different types of flow within the 

wellbore, which are caused by the different composition of inflowing fluid velocity 

distribution around the trunk as well as the cross section of the well. This creates 

difficulties in interpreting the results of well logging, creates difficulties in the 

development of new hardware and metodichesikh complexes in the study of 

horizontal wells (Fig. 1).  
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Figure 1. Schematic trajectory of horizontal wells 

To a large extent, most researchers [1,2] refer to the little-studied processes at 

work well and reservoir, complex geological structure of the object of development 

and structural features of a horizontal well. In this important role in the adaptation of 

modern methods of investigation with respect to the horizontal wells can act as 

mathematical modeling of physical processes taking place within the wellbore. For 

example the definition of the pressure field and the flow velocity inside the trunk 

horizontal well will also solve the problem of thermodynamics, fluid dynamics of the 

system "layer-well" [1].  

Given a plot of horizontal wells (Fig. 2) with a diameter d = 0.2 m, length L = 

5m. To simplify the problem, we consider a two-dimensional Cartesian coordinate 

system. The top wall has a hole perforated interval length Lp = 1m ( [ ]1,0Îx m). The 

trunk from the left side (input) the inflowing fluid at a flow rate Qo=1m3/day. On top 

of the perforated interval flowed with fluid flow rate Qp = 10 1m3/day, density ρ = 

1000 kg/ m3, viscosity μ = 1 mPa * s. We find the characteristics of isothermal fluid 

flow in a horizontal wellbore with the influx of the perforated interval. 
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Figure 2 Geometry of the problem. 

 

To determine the parameters of the flow (velocity and pressure distribution), we 

use: 

( )udivp
dt
ud r

r

   mr Ñ+-Ñ=                                                  (1) 

– an equation of motion of the fluid in the horizontal well: 

( ) 0=+
¶
¶ udiv

t
rrr                                                       (2) 

– continuity equation of fluid in the well; 

 where m – the dynamic viscosity coefficient; r – density; P – pressure; ur  – flow rate 

of the well. 

To obtain a unique solution to use the initial boundary conditions:  

 0
0

=
=t

u   – original liquid resting in the wellbore;  

 00
uu

x
=

=
  – rate is set at the bottom (input);  

 pdy
uu =

=
 – rate is set by the range filter;  

 0
dy

 ,0 =
=
=yu  – on the walls of the well-slip condition;  

The system of equations (1-2) was solved using the finite - difference schemes. 

For the rate of pressure were written finite difference analogues of the corresponding 

conservation equations. Consider the results of the simulation.  

As can be seen from the simulation results (Fig. 3) in a wellbore formed 

complex nature of the flow. In the area of the mouth of the horizontal well to a range 
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of flow in the wellbore flow is formed with a symmetric parabolic velocity profile 

(Fig. 3 curve 1). 

As a result of the inflow of the perforation border flows (borehole wall), the 

vertical velocity component is non-zero (Fig. 3 curve 2.3). The symmetry of the 

velocity profile in this case is broken. For surveys of this can lead to an incorrect 

interpretation of the data flow metering. Comparing the curves of Figure 1 at 2 and 3 

can be seen an increase in flow velocity along the length of the barrel, which means 

an increase in production rate of the total flow. After an interval of flow (Fig. 3 

curves 4 and 5), the velocity distribution is once again becoming a symmetric 

parabolic profile. 

 
Figure 3. The velocity distribution over the cross section of the well where 

the cipher ready observation point (1-0.5m (up interval inflow) 2 - 1.5 m (range 

inflow), 3 - 1.75m (range inflow) 4 - 3m (per 1m interval after inflow), 5 - 4m (at 

2m intervals from inflows)) 

 

Consider the average speed borehole section (fig.4) along the barrel. As seen 

from the results to the range of flow velocity of the fluid is constant because there is 

no reason to change it. 
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In the perforations are fluid flow, so there is a linear change in the rate of fluid 

flow down the barrel until it reaches the value of the total flow of the main stem and 

the influx of fluid from the perforated interval. Due to such nature of the flow in the 

wellbore pressure distribution are also allocated, at least three zones (Fig. 3): "a", "c" 

- a constant pressure gradient zones respectively with a symmetrical velocity profile; 

"b" - zone fracture pressure gradient. 
 

 
Figure 4. The velocity and pressure distribution along the length of. 

 

Thus, when the joint flow of the barrel and a tributary of the perforation on the 

distribution of velocity and pressure are allocated specific areas parameter changes, 

the registration of which will assess the areas of fluid flow. 
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QUALIFIED DIFFERENCE SETS AND WHITEMAN’S GENERALIZED 

CYCLOMIC CLASSES 

 Novgorod State University   

 

Introduction 

Difference sets and their various generalizations are well known [8, 12-16]. D. 

Jennings, K. Byard explored the qualified  power residue difference se  modulo p  

[10,11]. [1] summarized the background of the issue. [1-6] investigated qualified 

difference sets composed of unions of cyclotomic classes.  

Let us recall basic definitions for this case [5].  

Definition 1 ([5]). Let },...,,{= 21 krrrR  be a k -element set of distinct non-zero 

residues modulo an integer v . We call R  a qualified difference set (QDS) if there 

exists some non-zero integer RmÎ/   such that if we form all the non-zero differences  

 kjivmrr ji ££- ;1),mod(  (1) 

 we obtain every positive integer 11: -££ vaa  exactly l  times. We call m  a 

qualifier of multiplicity l  for the set .R   

If zero is counted as a residue, then such sets are possible. We call them 

modified qualified difference sets because of the modification by the inclusion of the 

zero element. We define these sets as follows.  

Definition 1 ([5]). Let },...,,,{= 210
*

krrrrR  be a 1+k -element set of residues of an 

integer v , where 0=0r . We call *R  a modified qualified difference set (MQDS) if 

there exists some non-zero integer RmÎ/  such that when we form all the differences  

 kjivmrr ji ££- ;0),mod(  (2) 

we obtain every positive integer 11: -££ vaa  exactly l  times and zero exactly 

once. We call m  a qualifier of multiplicity l  for the set *R .  

QDS and MQDS have properties similar to residue difference sets and modified 

residue difference sets respectively, which were discussed in detail in 1953 by 

Lehmer [15]. This properties suggest potential applications in areas such as image 

formation, signal processing and aperture synthesis [6]. 
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Let *
vZ  be a multiplicative group vZ  ring residue classes modulo v . A partition 

},...,,,{ 110 -dCCC  of *
vZ  is a family of sets with  

 ÆÇÈÈ - =;...= 10
*

jidv CCCCZ , if ji ¹ .  

 If 0C  is a multiplicative subgroup of *
vZ  and there exist elements 121 ,...,, -dhhh  

such that 11,...,=;= 0 -djChC jj  , then jC  are called classical cyclotomic classes of 

order d  when v  is prime and generalized cyclotomic classes of order d  when v  is 

composite. 

When QDS and MQDS are composed of unions of cyclotomic classes of a 

prime 1== +nkpv  with n  as a positive integer, we obtain special cases of qualified 

residue difference sets and modified qualified residue difference sets respectively. 

These sets were investigated in [1-5,11,12]. 

In this paper we study QDS and MQDS which are formed from generalized 

cyclotomic classes for pqv = , the product with two different prime numbers. A 

generalized cyclotomy with respect to pq was introduced by Whiteman [16] and 

Ding, Helleseth [7,8]. We accomplish our goal by showing that qualified residue 

difference sets (modified qualified difference sets) do not exist when )( *RR  are 

composed of unions of Whiteman’s generalized cyclotomic classes. 

Let p  and q  be two odd primes with dqp =1)1,(gcd -- . We define pqv = , 

dqpe 1)/1)((= -- . The Chinese Remainder Theorem guarantees that there exists a 

common primitive root g  of both p  and q , and the order of g  modulo v  is e . Let x  

be an integer satisfying )mod( pgx º , and )mod1( qx º  [9,16]. 

Whiteman’s generalized cyclotomic classes of order d  with respect to p  and q  

is defined as  

 1},0,1,...=:{= -etxgD ji
j  (3) 

where 10,1,...= -dj  [16]. 

We also suppose }1)(,...,,2{= pqppP -  and }1)(,...,,2{= qpqqQ - . 

Ding generalized cyclotomic classes of order d  with respect to p  and q  is 

defined as }0,1,...,=1;/0,1,...=:{= djdetxgC jidt
i -+ , where 10,1,...= -di  [7,8]. 
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If ji CzCy ÎÎ , , then congruence )mod0( qzy º-  do not have a solution for ji ¹ . 

Hence, by definitions 1 and 2 Ding generalized cyclotomic classes  are useless for the 

construction of QDS or MQDS. 

 

1.  Whiteman’s generalized cyclotomic classes 

The following Lemmas 1 - 3 are needed to prove Theorem 1. 

Lemma 1 [6].1 For QDS of k  elements and modulus v  we have the following 

incidence relation 

 1).(=2 -vk l   

and for MQDS of 1+k  elements and modulus v  we have the incidence relation  

 1).(1=1)( 2 -++ vk l   

Let I  be a subset of order f  of generalized cyclotomic classes numbers, that is 

1;11,2,...,=1};{0,1,...,},,...,,{= 21 -££-Î dffjdiiiiI jf . 

We suppose iIi DR ÎÈ= . 

  

 Lemma 2. 2 If R  is QDS or {0}=* ÈRR  is MQDS with qualifier m , then 

QPm ÈÎ/  and for all 10,1,...,=: -dii  there exist integers ij  such that 
iji DmD = . 

Let us assume the contrary. If )(QPmÎ , then by the definition of QDS the 

following congruence holds for some integers Rzy Î, : )mod)(( vqpmzy º- . Hence, 

)(QPy Î , which contradicts to the definition of iD  and R . 

Yet, if QPm ÈÎ/ , then there exist integers nk,  such that )mod( vxgm nkº  and 

from (3) we have dnii DmD mod)(= + . Lemma 2 is proved.   

Lemma 3 generalizes Lemma 2 from [16].   

 Lemma 3. 3 Let u  be a fixed integer divisible by p  or q  but not by v .Then the 

number of solutions of the congruence )(modvuzy º-  with y  in class iD  and z  in 

class jD  is given by dedqp /=1)/1)(( 2--  for every pair 10,1,...,=,;:, -¹ djijiji .   

  Because of symmetry we can assume without the loss of generality that u  is 

divisible by p . Let xg,  be as in (3), then by the condition )mod( pgx º , we have 
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congruences )mod0(1)( pxxg jipmij º--+-  and )mod0(1)( qxxg jipmij º/--+-  for 

11)/(0,1,...,= -- dqm . Then for a fixed value of m  and 10,1,...,= -qs  differences 
jsipmijs xgxg --+-+ 1)(  are congruent modulo v  in some order to the integers 

pqpp 1)(,...,,2 - . Hence, there exist )mod()(: )1( vuxgxgs jmsiijpmms
m º--+-+ . Therefore, the 

congruence  

 )mod()1()1()1( vuxgxg jqlmsiqlijpmms º- -+-+-+-+   

is solvable for 11)/(0,1,...,=1;1)/(0,1,...,= ---- dpldqm  . The congruence 

ji DzDyvuzy ÎÎº- ,);mod(  do not have other solutions. This completes the proof of 

Lemma 3.   

Now we can prove the basic theorem.   

 Theorem 1. 4 For all values of dqp ,,  and any subset of order f  of generalized 

cyclotomic classes numbers I  the set iIi DR ÎÈ=  is never a qualified difference set 

and }0{=* ÈRR  is never a modified qualified difference set.   

Assume the contrary. Let iIi DR ÎÈ=  be a qualified difference set. By definition 

of QDS for Pu Î  there exist l  solutions of the congruence:  

 (mod ), , .a mb u v a b R- º Î  (4) 

According to Lemma 2 mR  is the union of generalized cyclotomic classes also, 

that is jJj DmR ÎÈ= , where J  is a subset of indices of order f  and ÆÇ =JI  by the 

definition of QDS. Therefore, the number of solutions of the congruence (4) is equal 

to the number of solutions of the congruence  

 .,,)mod( jJjiIi DzDyvuzy ÎÎ ÈÎÈÎº-  (5) 

From Lemma 3 we have de/  solutions of the congruence (5) for each pair of 

indices ji, . Then, the general number of solutions is equal to def /2  and def /= 2l . 

By the definition of the set R  we have fedqpfk =1)/1)((= -- . According to 

Lemma 1 we obtain dveffe 1)/(= 222 -  or dpqe 1)/(= - . This contradicts the definition 

dqpe 1)/1)((= -- . 

URL: http://www.sworld.com.ua/e-journal/J21314.pdf  
Downloaded from SWorld. Terms of Use  http://www.sworld.com.ua/index.php/ru/e-journal/about-journal/terms-of-use 



Modern scientificresearchand their practical application. VolJ21314 

Let now {0}=* ÈRR  be MQDS. We can note, that in this case l  does not 

change because ÆÇ =PR . Application of Lemma 1 concludes the proof of Theorem 

1.   

2. Whiteman’s generalized cyclotomic classes and their product on pq,  

In this section we investigate the variant when R  is supplemented with integers 

divisible by p  or q . Let 1}1)/(0,1,...,=,{= --+ dqtpgP tdi
i  and 

1}1)/(0,1,...,=,{= --+ dptqgQ tdi
i , where 10,1,...,= -di , that is ii QP ,  are results of the 

multiplication of cyclotomic classes on pq, . 

Again let LM ,  be subsets of order f  of cyclotomic classes numbers . We 

suppose iLiiMiiIi QPDR ÎÎÎ ÈÈÈ= . 

The following Lemma 4-5 will be required to compute the value of l  in 

Theorem 2.   

 Lemma 4.5 For each pair of indices 10,1,...,=,:, -djiji  we have:  

 dePQzDyzy ij /|=},|{| ÇÎÎ- ,  0|=},|{| QQzDyzy ij ÇÎÎ- .  

By definition iQ  includes dp 1)/( -  of numbers. If iQba Î,  and )mod( pba º , then 

we have )mod( vba º . Therefore, all elements iQ  have differing residues modulo p . 

Hence, for all a  from jQ  there exist dq 1)/( -  numbers that belong to iD  and have the 

same residue modulo p  as a . It follows that congruences ij QzDypzy ÎÎº- ,);mod0(  

have dedqdp /=1)/(1)/( -´-  solutions. 

Yet, if ij QzDyqzy ÎÎº- ,);mod0( , then )mod0( qy º . This contradicts the 

definition of iD . Lemma 4 is proved.   

Next Lemma 5 can be proved the same way.   

 Lemma 5.6 For each pair of indices 10,1,...,=,:, -djiji  we have: 

(i) ( )21)/(|=},|{| dqPPzPyzy ij -ÇÎÎ-  if ji ¹ ; 

(ii) 

0|=},|{|=|},|{|=|},|{| PQzPyzyPQzQyzyPPzDyzy ijijij ÇÎÎ-ÇÎÎ-ÇÎÎ- . 

Lemma 6 generalizes Lemma 2.   
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 Lemma 6.7 If R  is QDS or {0}=* ÈRR  is MQDS with qualifier m , then 

QPm ÈÎ/  and for all 10,1,...,=: -dii  there exist integers iii nlj ,,  such that 

iliiji PmPDmD =,=  and 
ini QmQ = .   

Now we can prove the basic theorem of the section.   

Theorem 2.8 For all values of dqp ,,  and any subsets of order f  LMI ,,  of 

cyclotomic classes numbers the set iLiiMiiIi QPDR ÎÎÎ ÈÈÈ=  is never a qualified 

difference set and }0{=* ÈRR  is never a modified qualified difference set.   

Assume the contrary. Let R  is a qualified difference set. We determine the value 

of l  by computing the number of solutions of the congruence )0(modpmba º-  for 

Rba Î, . By Lemma 6 set iKiiNiiJi QPDmR ÎÎÎ ÈÈÈ= , where KNJ ,,  is a subset of 

indices of order f  and ÆÇÇÇ === KLNMJI . Hence, we need only to compute 

the number of solutions of the congruence:  

 .andfor)mod0( iKiiNiiJi QPDzRypzy ÎÎÎ ÈÈÈÎÎº-  (6) 

Thus,we can use Lemma 4 and 5. By Lemma 4 order of 

deqfPDzDyzy jiJjIi
/1)(|=},|{| 2

,
-ÇÎÎ-å ÎÎ

 and by Lemma 5 

defPQzDyzyPDzQyzy jiKjIijiJjLi
/|=},|{||=},|{| 2

,,
ÇÎÎ-ÇÎÎ- åå ÎÎÎÎ

 and 

( )2
,,

1)/(|=},|{| dqfPPzPyzy jiNjMi
-ÇÎÎ-å ÎÎ

. 

Therefore, the overall number of solutions of the congruence (6) is equal to 

 )/1)(/21)/((= 222 dqdedqefh -++- . If R  is QDS, then 
22 2)/(=1)/(= dppqfqh -+-l . By the condition of order R  is equal to 

 dpqfdpdqdqpfk 1)/(=)1)/(1)/(1)/1)(((= --+-+-- . According to Lemma 1 this 

is not possible for QDS. 

The first part of Theorem 2 is proved. 

Let now 0=* ÈRR  be MQDS. For *R  the number of solutions of the congruence 

)mod0( pmba º-  for Rba Î,  increases on dpf 1)/(2 -  and l  increases on df/2 . We 

again obtain the contradiction with Lemma 1. Theorem 2 is proved.   

Conclusion 
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A search for qualified difference sets and modified qualified difference sets 

composed of unions of Whiteman’s generalized cyclotomic classes and the product of 

these cyclotomic classes on prime qp,  was described in this article. For each odd 

values of qp,  their nonexistence was proved. 
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Introduction 

Ferrite-piezoelectric structures excite great interest, because in these structures 

there are effects which can be absent in ferrite and piezoelectric components 

separately. These effects appear due to mechanical interaction between the 

magnetostrictive and piezoelectric subsystems. One of such effects is the 

magnetoelectric (ME) effect, which is the change of the electric polarization under 

applied magnetic field: so called linear ME effect, or the occurrence of magnetization 

under applied electric field (inverse ME effect). 

The advantage of bilayer ferrite-piezoelectric structures is that the value of ME 

effect in such samples is greater than in bulk composites, thereby they are of great 

interest for the creation of various devices based on solid-state electronics. The ME 

effect is caused by the elastic interaction of magnetostrictive and piezoelectric 

subsystems in bilayer structures. The applied magnetic field induces mechanical 
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deformations in the magnetostrictive phase which pass via mechanical coupling into 

the piezoelectric phase and leads to a change of the polarization of the sample. The 

frequency dependence of the effect is defined by the dispersion relation for such type 

of waves, because the ME effect in composites is caused by the elastic interaction of 

magnetostrictive and piezoelectric phases. Magnetostrictive-piezoelectric bilayer 

structures offer certain advantages over bulk composites [1], because they can be 

polarized much easier and exhibit practically no leakage currents as the 

magnetostrictive phase is insulated by the high-resistivity piezoelectric layer. The 

theory of the ME effect in bulk and multilayer composites in the region of 

electromechanical resonance was developed in previous works [2-9]. Therein, an 

expression for ME voltage coefficient was derived based on the simultaneous 

solution of motion and material equations for the magnetostrictive and piezoelectric 

phases taking into account the boundary conditions on the interface. Thus, the 

consideration of the interlayer adhesive bonding was taken into account formally by 

an interface coupling coefficient [2-6] or by an assumption of ideal coupling and 

equal oscillation amplitude over the thickness of both magnetostrictive and 

piezoelectric phases [7-9]. Recently, the ME effect in bilayer magnetostrictive-

piezoelectric structure was presented in case of an ideal contact taking into account 

the thickness dependence of the oscillation amplitude [10,11].  

In this work the interlayer adhesive bonding is taken into account. Using motion 

equation, elastodynamics and electrostatic equations for the magnetostrictive 

piezoelectric phases and taking into account the boundary conditions on the interface, 

the equation for frequency dependence of the ME effect was obtained. It is shown 

that value of the effect depends not only on parameters of magnetostrictive and 

piezoelectric phases, but also the parameters of interlayer adhesive bonding. For the 

case of ideal coupling this equation transforms to the equation previously obtained. 

The dependence of the value of the ME coefficient on the thickness of the adhesive 

layer is presented and analyzed. 

Model and Basic Equations 
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As a model, we consider a bilayer structure in the form of a rectangular plate, 

consisting of mechanically interacting magnetostrictive, adhesive and piezoelectric 

layers with thickness tm , tG  and tp  respectively, which are not assumed to be small. 

Thin metal contacts are applied on the top and the bottom of the plate. The direction 

Z is perpendicular to that boundary as it is shown in figure 1. 

Preliminarily, the piezoelectric layer is polarized perpendicular to the contacts 

(Z axis). Let us consider the longitudinal ME effect. In this case, the magnetic field 

coincides with the direction of polarization. 

 

 

 

 

 

 

 

 

 

The alternating magnetic field with angular frequency w  causes elastic 

oscillations in the magnetostrictive components, transferring through the interface of 

the partition to the piezoelectric component through the shear stresses, which brings 

to interconnected oscillations of magnetostrictive and piezoelectric subsystems. As 

there is a nonuniformity along Z axis and the width of the plate is small (Y axis), 

under the first approximation we can assume that the displacements along plane Y are 

homogeneous and the nonzero components of stress are only xxTa and xzTa . The 

value of the stresses will depend on the thickness of the sample, perpendicular to the 

interface between magnetostrictive and piezoelectric phases. Therefore the equations 

of motions for the xua  x – projection of displacement vector for the magnetostrictive, 

adhesive and piezoelectric phases are next form: 

 

 

 

 
 

 

 

 

Figure 1 Schematic view of the sample 

1 - Magnetostrictive phase, 2 - Piezoelectric phase, 3 

 Adh i  h  4  El d  
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where upper-case index “a ” is correspondingly “m” for ferrite, “G” for glue 

and “p” for piezoelectric, ra  is the density of ferrite, adhesive and piezoelectric 

layers, ijTa are the components of the stress tensor. The constitutive equations for the 

magnetostrictive, adhesive and piezoelectric phases are 
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where ijSa  are the strain tensor of the magnetostrictive, adhesive and 

piezoelectric phases; z
pE , z

mH  are the electric and magnetic fields; z
pD  is the 

electric displacement; Ya , Ga  are the Young's modulus and shear modulus; zxx
pd , , 

zxx
mq ,  are the piezoelectric and piezomagnetic coefficients; zz

pe  is the tensor 

component of permittivity. 

Taking into account the nonuniformity along Z axis, the solution of equation for 

the displacement vector will be presented as planar waves, which amplitude is 

changed on the thickness of the sample and have the following form: 

 ))-tsin()-tcos()((),( kxBkxAzgzxu ww aaaa += , (9) 
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where Aa , Ba  are the constants of integration and )(zga  are some functions. 

Dispersion Relation 

The substitution of (9) into the expression for the motion of the medium gives 

the equation for function )(zga . Solution of this equation depends on the elastic wave 

velocity in ferrite, piezoelectric and adhesive phases. For the sake of definiteness, we 

choose a structure of ferrite, piezoelectric and glue, in which the velocity of elastic 

waves in the ferrite will be higher than that in the piezoelectric and adhesive phases. 

The boundary conditions, namely, the normal components of stress tensor on top and 

bottom surfaces are zero. The displacement and the shear stresses are equal on the 

ferrite-glue and glue-piezoelectric interfaces. These boundary conditions determine a 

system of equations. Solution of these equations gives the dispersion relation in the 

following form: 

 ÷÷
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where tmmm ck = , tppp ck =  and tGGG ck =  are non-dimensional parameters, 
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1 , L
mV , L

pV , L
GV  are the velocities of 

longitudinal waves respectively in the magnetostrictive, piezoelectric and adhesive 

medium. 

Equation (10) defines the dependence of angular frequency w  from the wave 

number k in an implicit form for the propagation of elastic waves in bilayer 

magnetostrictive-piezoelectric structures taking into account the adhesive phase. As 

we can see this equation transforms to the equation previously obtained for the case of 

ideal contact [10,11]. 

The ME voltage coefficient 
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Magnetoelectric voltage coefficient is defined as the ratio of the average value 

of the electric field to the average value of the external magnetic field, which induced 

it, i.e.: 

 ><><>=< HEEa . (11) 

where )( pGm tttUE ++>=<  is the average value of the electric field of the 

structure. With this method of determination, the ME voltage coefficient 

characterizes the efficiency of ME transformation of the entire structure. 

In order to define a theoretical expression for the ME voltage coefficient, we use 

the method developed earlier [2-6]. The condition of mechanical equilibrium at the 

free surfaces of the plate, i.e., points 2Lx m=  give boundary conditions in form: 

 0),2(),2(),2(
0

0
=ò ò ±+±+±ò

+
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dzzLTdzzLTdzzLT
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. (12) 

Using (12) we can calculate the constants of integration A and B in (9). 

We will find the ME voltage coefficient using the open circuit condition I=0, 

where the electric current is determined by the expression: 

 òò
¶
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=
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2

2

p

0
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L
z

W
dxDdy

t
I . (13) 

Expressing the stress tensor component xx
pT by the strain tensor component 

xx
pS  from (6) and substituting it into (8), we obtain expression for the electric 

displacement z
pD . Then, substituting the expression obtained for z

pD  into (13) and 

using the condition of open circuit I=0, we obtain the equation for the electric field 

>< E  taking into account (9) and (12). Thus, we find the МЕ voltage coefficient 

using (11) and the fact that the potential difference between the electrodes is defined 

as tEU z
pp >=< . Finally, in the case of longitudinal orientation of the fields we 

obtain the expression for the ME voltage coefficient in form: 
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=  is the squared coefficient of electromechanical coupling and 

2kL=k  dimensionless parameter. 

As follows from (14) the frequency dependence of the ME voltage coefficient 

has resonant character in bilayer magnetostrictive-piezoelectric structures considering 

the adhesive phase. At the so-called antiresonance frequencies when 0a =D , there is 

a peak increase in the ME voltage coefficient. It can also be seen that the value of ME 

voltage coefficient depends on each, parameters of magnetostrictive, adhesive and 

piezoelectric phases and the length of the structure.  

In the low_frequency region, the magnetoelectric voltage coefficient is nearly 

independent of frequency. Expanding Eq. (14) in powers of the small parameters km , 

kG , kp  and retaining only the first-order terms of the expansion, we find the low-

frequency value of the coefficient 
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As we can see from (15) the value of the ME voltage coefficient decreases by 

the increase of the thickness of the adhesive layer. 
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In figure 2 the dependence of the value of the ME voltage coefficient on the 

thickness of the adhesive layer in trilayer permendur-PZT-permendur structure with 

adhesive epoxy is presented using (15). 

 

 

 

 

As we can see from figure 2, the value of the ME voltage coefficient decreases 

with the increase of the thickness of the epoxy. When there is no epoxy (Gt=0) the 

ME voltage coefficient gets its maximum value which correspondents with the case 

of ideal contact value of ME coefficient. 

The following parameters of the structure were used in the calculations. For the 

permendur: mY =181 GPa, mρ = 8100 kg/m3, mqxx,z = 1062∙10−12 m/A, the epoxy: 
GY = 7.28 GPa, mρ = 1200 kg/m3, for the PZT: pY = 87 GPa, pρ = 7500 kg/m3, 
pdxx,z= −130∙10−12 m/V, 0zz

p / ee =1300. 

Conclusions 

The consideration of the adhesive bonding leads to the nonlinear dispersion 

relation between the angular frequency and the wave number and to a change of the 

value of the ME voltage coefficient. The derived relations in the limiting case, when 

the thickness of the adhesive layer tends to zero transform to the relations derived 
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Fig. 2. The dependence of the value of the ME voltage 

coefficient on the thickness of the adhesive layer in 

permendur-PZT-permendur structure. 
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earlier for the case of ideal contact.The value of the ME voltage coefficient decreases 

with the increase of the thickness of the adhesive layer. 
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In this paper with the help of SCAPS 3200 there is performed a modeling of 

spectral dependencies of quantum efficiency and dark and light I-V characteristics of 

solar cells based on ZnTe/CdSe and ZnSe/CdSe hetero-junctions (HJ) which depends 

on the construction features and external conditions (operation temperature, 

absorption and window layers thickness). It enabled to calculate the main 

characteristics (open-circuit voltage Voc, short-circuit current density Jsc, fill factor 

FF, efficiency -h) of solar cells. As a result there were determined the basic 

construction parameters for obtaining of solar cells with optimal efficiency of light 

irradiation conversion into electrical energy.    

Key words: solar cell, SCAPS-3200, I-V characteristics, efficiency. 

Nowadays a solar energy usage pays a higher attention of researchers as a 

perspective way of global energy crisis solution. Among the different methods of a 

conversion of solar energy into electric a photo-electrical transition is most reviewed.  

In recent time for solar cells (SC) manufacturing used single-crystal, 

polycrystalline and amorphous Si, semiconductor thin films, etc [1]. II-VI 

semiconductor compounds, such as cadmium selenide (CdSe), zinc selenide (ZnSe), 

zinc telluride (ZnTe), are considered as a promised materials for economically 

effective unijunction and tandem photo-convertors because of their band gap (1.70 

eV – CdSe, 2.67 eV – ZnSe, 2.26 eV – ZnTe). They may be used as absorber and 

window layers in solar cells applications. Therefore un-doped CdSe and ZnSe layers 

have n-type conductivity, ZnTe layer have a p-type [2-3]. 

For modeling SC characteristics are present several programmable packages: 

AMPS-1D, ASA, PC-1D, SCAPS-3200. The last software due to its convenience and 

development is most powerful for our improvement [4]. Abilities of this software 

allow to consider own properties of semiconductor layers as a recombination 

processes, which took place in interface boundaries and to determine the main SC 

characteristics: dark and light I-V curves, spectral distributions of quantum efficiency 

etc. The optimization of CS construction parameters based on ZnTe/CdSe and 
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ZnSe/CdSe heterojunctions by modeling their main working characteristics using the 

SCAPS-3200 software package caused the aim of study. 

In table 1 is present the input parameters for modeling solar cells in SCAPS 

software. 

Table 1 

Basic parameters used at modeling of SC characteristics based on HJ 

ZnTe/CdSe and ZnSe/CdSe 

Parameters 
Compounds 

n-CdSe p-ZnTe n-ZnSe 

Wide band gap (300 K) Eg, eV 1.74 2.39 2.70 

Electron affinity c, eV 4.95 3.53 4.09 

Dielectric permittivity e 6.10 7.28 5.70 

Effective density of states of the conduction 

band Nc, cm-3 
1.75∙1018 2.24∙1018 2.40∙1018 

Effective density of states of the valence band  

Nv, cm-3 
2.10∙1019 1.60∙1019 1.80∙1019 

Electron mobility µn, cm2/Volt·c 650 340 500 

Hole mobility µp, cm2/Volt·c - 100 30 

         The main construction parameters which affect to the CS efficiency are window 

and absorber layers thickness. Therefore in this work an influence of these values on 

CS characteristics was investigated and their optimal values were determined. 

Modeling was carried out in the range of the absorber layer thickness CdSe d = 1 – 3 

mm, window layer ZnTe (ZnSe) thickness d = 0.1 – 0.6 mm, operation temperature T 

= 280 – 320 K. 

On fig.1 shown light I-V curves of SC based on ZnTe/CdSe and ZnSe/CdSe HJ 

modeled at different absorber layers thickness. 
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Fig. 1. Light I-V curves simulation of solar cells based on ZnTe/CdSe (a) 

and ZnSe/CdSe (b) hetero-junction depend on absorber layers thickness  

 

As a result of a modeling it was carried out, that in case of HJ ZnTe/CdSe at the 

increasing of the absorber layer thickness from 1.0 to 3.0 mm observed some 

increasing of h of about 1 % in borderline cases. It may be explain by the presence of 

larger crystallites in ZnTe film by the increasing of the window layer.  

During the exploitation solar cell may heat, this factor may significantly impact 

on their working characteristics. Therefore we investigated an operational 

temperature influence on I-V curves ZnTe/CdSe and ZnSe/CdSe heterojunctions. In 

both cases solar cells modeling was estimated in the range of temperature T =280-320 

К. It was determined that at increasing of operation temperature value Voc of SC 

ZnSe/CdSe decreased that may be explain by temperature dependence of current 

saturation. 

A comparison of the photo-convertors characteristics based on ZnTe/CdSe and 

ZnSe/CdSe heterojunctions shown on table 2.        

Table 2 

Solar cell modeling parameters with optimal constructional conditions 

(dCdSe = 3 mm, dZnTe(ZnSe) = 0.1 mm, T = 320 K)   

Heterojunction Voc, Volt Jsc, mA/cm2 FF, % h, % 

ZnTe/CdSe 0.87 24.91 71.02 17.36 

ZnSe/CdSe 0.61 15.83 42.34 4.06 
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The results of quantum efficiency modeling of both hetero-junctions presented 

on fig. 2. 

 
Fig. 2. Numerical modeling of solar cells quantum efficiency based on 

ZnTe/CdSe (a) and ZnSe/CdSe (b) hetero-junction depend  

 

As fig. 2 shown, the results of modeling are well correlated with theoretical 

study. In case of HJ ZnTe/CdSe value of QE at increasing of the absorber layer is 

bigger at the “red boundary” destination point and the maximal value of QE is about 

95 %. In case of HJ ZnSe/CdSe the dependence of QE on the thickness of absorber 

layer is more difficult and is present at the lower values of the wavelength (λ ~ 300 

nm).   

At the increasing of the ZnТе (ZnSe) layer thickness an absorbance of photons 

with energy of hν >Eg has a bigger value. Decrease of the photons in absorber layer, 

which have an energy, bigger than Eg value for ZnTe, leads to decreasing of quantum 

yield of CS in the range of the wavelength λ > 680 нм.  

An analysis of the light I-V curves and quantum efficiency modeling results of 

SC based on ideal HJ ZnTe/CdSe and ZnSe/CdSe occurs to make the next 

conclusions: 

SC efficiency based on ideal anisotropic HJ р-ZnTe/n-CdSe at optimal device 

construction (absorber layer thickness was dCdSe = 3 mm, window layer thickness was 

dZnTe = 0.1 mm) at the operation temperature T = 320 K may to increase on value h = 

17.36%. This photo-cell has a wide photo-sensitivity area, which is present in the 
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range of λ = (516 – 732) nm. SC efficiency based on ideal isotopic HJ n-ZnSe/n-

CdSe is generally less and not bigger than h = 5%. 

Given the fact that the lattice mismatch in р-ZnTe/n-CdSe HJ is less than 1%, it 

provides an obtaining of the interface near to ideal, is a possibility to obtainо real 

high-efficiency photo-converters. This fact makes the perspective of their usage as a 

base (first) element of tandem solar cells. 

 

References: 

1. Yan B., Yue G., Xu X., Yang J., Guha S. High efficiency amorphous and 

nanocrystalline silicon solar cells // Physica Status Solidi A. – 2010. - Vol. 207, № 3. 

– P. 671 – 677.  

2. Kasap S., Capper P. The Springer Handbook of Electronic and Photonic 

Materials. -  Berlin: Springer, 2007. – 1408 p. 

3.   Scheer R., Schock H.-W. Chalcogenide Photovoltaics. Physics, 

Technologies, and Thin Film Devices. - Weinheim: Wiley-VCH, 2011. – 548p. 

4.  Verschraegen J., Burgelman M. Numerical modeling of intra-band tunneling 

for heterojunction solar cells in SCAPS // Thin Solid Films. – 2007. – Vol. 515. – P. 

6276 – 6279. 

 

J21314-013 

UDC 512.25/26+519.3:330.115 

Kovalev D.V., Kaneva O.N. 

AUTOMATION OF THE CALCULATION PROGRAMS 

Omsk state technical University 

Omsk, prosp. Mira 11, 644050 

 

This paper deals with production of one single-stage stochastic programming 

tasks whose solution is based deterministic equivalent to the linear programming 

problem. Provides detailed schemes of algorithms applications and their description.  
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Introduction 

In the stochastic programming discusses the problems of optimal decision-

making under risk and uncertainty, if necessary, to take into account influence of 

random factors.  

Setting the tasks stochastic programming essentially depend on whether there 

was a possibility when choosing solutions to clarify the state of nature by certain 

observations or not. In this connection distinguish the tasks of operative and 

prospective stochastic programming [1]. 

For the purpose of operational solution of stochastic programming 𝑋 accepted 

after some experiments on the state of nature 𝜔, depends on the results of the 

experiment and is a random vector 𝑋 = = 𝑋(𝜔). In problems of perspective 

stochastic programming solution 𝑋 taken before any observations on the state of the 

environment and therefore is non-deterministic. Considered in the article the problem 

belongs to the tasks of perspective stochastic programming. 

Statement of the problem 

Large farm has the ability to buy from one to three different kinds of grain and 

prepare different kinds of mixes. Different crops contain varying amounts of all 

nutrients-ingredients. Suppose taken into account 4 component (А, В, С и D) (tab. 1). 

Assume that the minimal total component requirements А, В, С and D are random 

variables a, b, c, d, distributed evenly, respectively, in the intervals [1000, 1500], 

[200, 300], [500, 1000], [150, 250]. Let the unit costs per unit weight of a grain of 

types 1, 2 and 3 are correspondingly 41, 35 and 96 rub/kg. You need to determine 

which of all possible mixtures is the cheapest. 

 

 

Table 1 

Initial data 
Ingredients in the Contents ingredient per unit grain species 
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mixture type 1 type 2 type 3 
A 2 3 7 
B 1 1 0 
C 5 3 6 
D 0,6 0,25 1 

 

Mathematical model 

Denote by 𝑥1 ≥ 0, 𝑥2 ≥ 0 и 𝑥3 ≥ 0 the number of each type of grain. Define 

the target function as a function of the total cost (1): 

 𝐿 = (41𝑥1 + 35𝑥2 + 96𝑥3) → 𝑚𝑖𝑛. (1) 

Next, write the restrictions that would ensure the minimum requirements for all 

components, with the probability not less than 0,80. The corresponding probabilistic 

constraints have the form (2): 

 

⎩
⎨

⎧
𝑃{2𝑥1 + 3𝑥2 + 7𝑥3 ≥ 𝑎} ≥ 0,80;

𝑃{𝑥1 + 𝑥2 ≥ 𝑏} ≥ 0,80;
𝑃{5𝑥1 + 3𝑥2 ≥ 𝑐} ≥ 0,80;

𝑃{0,6𝑥1 + 0,25𝑥2 + 𝑥3 ≥ 𝑑} ≥ 0,80.

 (2) 

 

Solving the problem of linear stochastic programming  

Tasks probabilistic constraints specified in the form  

 𝑃�∑ 𝑎𝑖𝑗𝑥𝑗
𝑛
𝑗=1 ≥ 𝑏𝑖� ≥ 𝛼𝑖, 0 ≤ 𝛼𝑖 ≤ 1, 𝑖 = 1, 𝑚������,  (3) 

called tasks with построчными probabilistic constraints.  

The deterministic matrix 𝐴 = �𝑎𝑖𝑗� and a random vector restrictions 𝑏 = {𝑏𝑖} 

system (3), reduced to the equivalent of a deterministic system of inequalities. 

Let 𝑃(𝑏1, 𝑏2, … , 𝑏𝑚) — joint density distribution of the components of 𝑏𝑖 the 

random vector 𝑏. Find the density of the distribution (4) components 𝑏𝑖: 

 𝑃𝑖(𝑏𝑖) = ∫ … ∫ 𝑃(𝑏1, 𝑏2, … , 𝑏𝑚)𝑑𝑏1𝑑𝑏2 … 𝑑𝑏𝑖−1
∞

−∞ 𝑑𝑏𝑖+1 … 𝑑𝑏𝑚
∞

−∞�������������������������������������
𝑚−1

. (4) 

Calculate 𝑏�𝑖 from the equation 

 ∫ 𝑃𝑖(𝑏𝑖)𝑑𝑏𝑖 = 𝛼𝑖
∞

𝑏�𝑖
, 𝑖 = 1, … , 𝑚. (5) 

If the solution of the equation (5) not only, as 𝑏�𝑖 select the root of the greatest. 

It is obvious that conditions (3) are equivalent inequalities: ∑ 𝑎𝑖𝑗𝑥𝑗 ≤ 𝑏�𝑖
𝑛
𝑗=1 , 
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where 𝑏�𝑖 satisfy the relations (5), i.e. 𝑏�𝑖 — the root of the equation 𝐹𝑖�𝑏�𝑖� = 1 − 𝛼𝑖, 

or 𝑏�𝑖 = 𝐹𝑖
−1(1 − 𝛼𝑖); 𝐹𝑖 — distribution function of a random variable 𝑏𝑖. 

Then the probabilistic constraints (2) will correspond to the following 

deterministic equivalents: 

 �

2𝑥1 + 3𝑥2 + 7𝑥3 ≥ 𝑎1 = 1400;
𝑥1 + 𝑥2 ≥ 𝑏1 = 280;

5𝑥1 + 3𝑥2 ≥ 𝑐1 = 900;
0,6𝑥1 + 0,25𝑥2 + 𝑥3 ≥ 𝑑1 = 230,

 (6) 

where 𝑎1 — value of the random variable 𝑎, satisfying the condition 𝑃�𝑎 ≤  ≤

𝑎1� ≥  𝛼 = 0,80, where 𝑎1 = 1400. Similarly defined and values 𝑏1, 𝑐1 and 𝑑1. 

The resulting linear model can be solved geometrically. Each of the inequality 

constraints (6) geometrically defines the half-plane. The scope of permissible 

solutions is a polygon-making, the sides of which lie on the direct, equations which 

are obtained from the source system limitations. 

Replace characters inequalities on signs of equality in the system of restrictions 

and get the following: 

 �

2𝑥1 + 3𝑥2 + 7𝑥3 = 1400;
𝑥1 = 280 − 𝑥2;

5𝑥1 + 3𝑥2 = 900;
0,6𝑥1 + 0,25𝑥2 + 𝑥3 = 230.

 (7) 

We substitute the expression 𝑥1 = 280 − 𝑥2 in the remaining three of the 

equation and the expression for the convenience of 𝑥𝑖 through 𝑦𝑖 , 𝑖 = 1,2,3. We 

obtain a system of equations (fig. 1). 

 
Fig. 1. The transformed system of restrictions 

Consider the polygon solutions - not limited ABC (fig. 2). 
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Fig. 2. Polygon solutions 

We compute the solution with the help of the procedure linpro() in the system 

SciLab. To do this, we write the matrix and vector, participating in the task: 𝐶 =

�

2 3 7
1 1 0
5 3 0

0,6 0,25 1

�, 𝑏 = �

1400
280
900
230

�, 𝑝 = �
41
35
96

�. 

Consider the code listing for the solutions of the linear optimization problem in 

SciLab (fig. 3), as the result of executing this code is the solution to the problem (fig. 

4). 

 
Fig. 3. Code listing for the solutions of the linear optimization problem 

 
Fig. 4. The results of solving the optimization problem 

 

URL: http://www.sworld.com.ua/e-journal/J21314.pdf  
Downloaded from SWorld. Terms of Use  http://www.sworld.com.ua/index.php/ru/e-journal/about-journal/terms-of-use 



Modern scientificresearchand their practical application. VolJ21314 

Designing applications for solving linear problems of stochastic programming 

Consider the General scheme of algorithm of the application (fig. 5). 

Block «Solution of the problem in a determined form» is a built in function in 

SciLab (linpro), that finds the solution of linear programming problems, so this block 

will not be detailed. 

Consider the block «Conversion tasks. In a block algorithm for information 

linear stochastic programming to the equivalent of a deterministic linear 

programming problem (fig. 6). 

In the case of 𝑏𝑖 ∈ 𝑅[𝛽𝑖, 𝛾𝑖], 𝑖 = 1, 𝑚������ value 𝑏�𝑖 is calculated by the formula (8): 

 𝑏�𝑖 = 𝛾𝑖 − 𝛼𝑖
𝛾𝑖−𝛽𝑖

, (8) 

where 𝛼𝑖 – the probability that provides the minimal needs of all the components 

for 𝑖 restrictions, 𝛽𝑖, 𝛾𝑖 – parameters of uniform distribution of the random vector 

 𝑏 = {𝑏𝑖}. 

In the case of 𝑏𝑖 ∈ 𝑁[𝜇𝑖, 𝜎𝑖
2], 𝑖 = 1, 𝑚������ value 𝑏�𝑖 is calculated by the formula (9): 

 𝑏�𝑖 = 𝜇𝑖 − Φ−1(𝛼𝑖)𝜎𝑖, (9) 

where Φ−1(𝛼𝑖) – it is a function of the Laplace, 𝜇𝑖,  𝜎𝑖
2 – parameters of the normal 

distribution of the random vector 𝑏 = {𝑏𝑖}. 
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Solution of the problem in a 
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Fig. 5. The General scheme of algorithm 
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Fig. 6. Drilling unit «Conversion tasks» 

 

Example of work developed software applications 

Consider the solution of a linear stochastic programming tasks of small 

dimension implemented in the application.

 , (10) 

  (11) 

In problem (10) - (11) parameters , , ,  are the random variables distributed 

evenly in the intervals , , , . 

Initial data of the problem to obtain a solution with the help of developed application 

are as follows: 

1) column vector of values of objective function: ; 
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2) the matrix of restrictions: ; 

3) matrix intervals, which are uniformly distributed random elements in the 

vector restrictions: ; 

4) column vector of probabilities for uniform distribution: . 

The solution of problem (10) - (11) is presented in listing (fig. 7). 

 
Fig. 7. Listing 

The obtained values (fig. 8). 

 
Fig. 8. Solution of the task 

 

Conclusion 

The result of that work was considered one of the important sections of the 

modern theory of complex systems, stochastic programming, section of mathematical 

programming, studying the theory and methods of solutions of extremal problems 

with incomplete information about the parameters of the task conditions. 

Was considered an example of linear stochastic programming with parameters 

uncertainty, which is a minimum need mixture of grain-crops in all the components 
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that were set SL. quantities having uniform distribution. The solution was obtained 

through the equivalent of a deterministic problem that was solved in the system 

SciLab. 

Was designed mechanism of operation application for solution of linear 

problems of stochastic programming. 
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The article considers the operation of the automated system of inventory control 

a wide range of goods. The entire range of products subjected to ABC-XYZ-analysis, 

in which for each item and choose the most appropriate model of stock management. 

Keywords: ABC-analysis, XYZ-analysis, models, inventory management, 

automated system. 

At the present time, increasing the intensity of freight traffic, increases the load 

on traffic flows. The issues of inventory control theory. Research and development of 

optimal mathematical models in inventory control theory is the most promising in the 

field of mathematical methods in logistics. 

Structuring inventory method ABC and XYZ-analysis 

The purpose of the method ABC consists of large nomenclature to identify the 

main components, optimization which should be done in the first place [1]. 
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This method allows to rank items group on the importance of each element 

relative to the rest we are interested in criteria and smash the whole range of the 

studied elements in three groups - important elements of the less important elements 

relevant elements. ABC analysis is conducted in stages, the sequence of actions 

summarized below. 

First step. Determine the criteria according to which the analysis will be done 

stocks. Options may include the following: revenue from sales revenue from sales 

(demand in value terms),% of turnover, profitability of sales, the share of the stocks, 

the price of purchase. 

Second step. To sort the inventory in descending order, the value of the 

parameter. 

The third step. Definition of groups A, B and C. 

Group A - 20% of the sum of shares with cumulative 80% of the total amount of 

share options. 

Group B - 30% of the sum of shares with a cumulative total of which is 15% of 

the total amount of share options.  

The group C with the remaining 50% of the sum of shares with cumulative 

amounts to 5% of the total amount of share options [2]. 

Grouping of resources when conducting XYZ-analysis is performed in order of 

increasing the coefficient of variation [1]. 

The formula for calculation of the coefficient of variation: 𝑣 =

�∑ �𝑥𝑖−𝑥��
2𝑛

𝑖=1
𝑛

�̅�
100%, (1) 

where xi – parameter value for the evaluated object for the i-th period, �̅� – 

average value of the evaluated object of analysis, n - number of periods. 

The recommended distribution of the coefficient of variation in groups: 

1) v = 0-10% - group X; 

2) v = 10-25% - group Y; 

3) v > 25% - the group Z. 
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The imposition of the results of the analysis XYZ data on ABC-method forms 

the 9 groups of resources, for each of them to develop its technology control [1]. 

Model inventory management 

Consider some of the models of stock management [2]. 

1. Static model. 

The lot size is defined by the economic size of the order Wilson: 

 𝑞∗ = �2𝑐0𝜆
𝑏

, (1) 
where 𝜆 - the intensity of demand (number of products consumed per unit of 

time),𝑐0 - cost of registration of the order, taking place every time when it is placed, 𝑏 

- the cost of storage of unit of output per unit of time. 

In this interval of time must be delivery: 

  𝒍𝒍∗ = 𝒒∗

𝝀
.  (2) 

2. Static model with a deficit. 

Formula Wilson, subject to the need to create a reserve of size a:  

 𝑞∗ = �2𝑐0𝜆
𝑏

�𝑏+𝑎
𝑎

. (3) 

If the random nature of demand for the commodity as a stock, you can take the 

standard deviation of the demand. 

3. The probabilistic model with fixed size of the order. 

The major difference between the model in which the requirement is known, and 

model, where demand is a random variable is the definition of the "point of the next 

order". Order volume in both cases is the same. The element of uncertainty is 

accounted for in the reserve stock. 

"Point of order" is calculated as follows: 

 𝑠 = 𝜆𝜃 + 𝑧𝜎𝜆𝜃 , (4) 
where 𝜆 - the average intensity of demand, 𝜃 - the average duration of storage 

period, z - number of standard deviations demand in the reserve stock for a given 

level of service, 𝜎𝜆𝜃 - the standard deviation of the demand during the harvesting 

period. 
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When this: 

 𝜎𝜆𝜃 = �𝜃𝜎𝜆
2 + 𝜆2𝜎𝜃

2, (5) 

where 𝜎𝜆 - the standard deviation of the demand per unit of time, 𝜎𝜃 - the 

standard deviation of the duration of storage period. 

The value of z can be obtained from the brown E(z), which in this case is 

determined by the formula: 

 𝐸(𝑧) = (1−𝑝)𝑞
𝜎𝜆𝜃

, (6) 
where p - the required level of service, in shares of unit; accordingly q - 

economical order size (calculated in the usual way). 

4. The probabilistic model with fixed intervals of the order. 

The volume of the order in such a model will be determined according to the 

following scheme: 

 𝑞 = 𝜆(𝑙 + 𝜃) + 𝑧 𝜎1+𝜃 − 𝑍,  (7) 
where q - the size of the order, 𝜆 - the average intensity of demand, l - period of 

time between the filing of applications, 𝜃 - the duration of storage period, 𝑧 - number 

of standard deviations demand in the reserve stock for a given level of service, 𝜎1+𝜃 - 

the standard deviation of the demand during a cycle of order and period of storage, Z 

– the current level of the reserve. 

When this: 

 𝜎1+𝜃 = 𝜎𝜆√1 + 𝜃, (8) 
where 𝜎𝜆 - the standard deviation of the demand per unit of time. 

The value of z can be obtained from the brown E(z), which in this case is 

determined by the formula: 

 𝐸(𝑧) = �̇�∙1(1−𝑝)
𝜎1+𝜃

,  (9) 
where p - the required level of service in the unit fractions. 

System description 

The system is designed to work with a wide assortment of goods with the 

demand of different variation. The system input received the historical statistical data 

on demand, price, delivery time for each product. On the basis of input data, the 
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system produces ABC-XYZ-analysis, in which all goods are distributed to 9 different 

groups, for which the recommended choice model inventory management [2]: 

- for goods groups AX and BX uses a static model; 

- for goods groups AY and BY using static model with a deficit; 

- for goods groups AZ and BZ, as well as for groups of goods CX used 

probabilistic model with fixed intervals of the order; 

- goods group CY used probabilistic model with fixed size of the order; 

- goods group CZ model inventory management is selected manually. 

Thus, using this automated system defines a strategy for inventory management 

for each particular type of goods depending on the values of one or more key criteria 

(sales profit, sales revenue,% of turnover, profitability of sales, the share of the 

stocks, the purchase price) and the level of predictability of the values of these 

criteria in the future. Knowing the changes in the values of the distribution of ABC 

and XYZ, you can refine strategies for inventory management. 
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Introduction 

Fuglede’s theorem is one of the fundamental results in a study of the 

commutation theory of normal operators. 
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Let H  is a finite dimensional Hilbert space. For an operator ( )HBÎA  the 

following criterion of normality can be: 

Theorem 1. [1] An operator ( )HBÎA  is normal if and only if for each 

operator ( )HBÎB  the following conditions are equivalent: 

1) BAAB = ; 

2) ** BABA = . 

In 1950 the theorem in an infinite dimensional Hilbert space was proved by 

B. Fuglede: 

Theorem 2. [2] Let ( )HBÎB  and A  is a normal operator in Hilbert space  

H . If B  commutes with A  : 

ABBA Í , 

 then B  commutes with *A : 

BABA ** Í . 

In 1951 Fuglede’s theorem was generalized by C.R. Putnam: 

 Theorem 3. [3] Let 1A  and 2A  are normal operators in Hilbert space  H  and 

( )HBÎB   is an operator such that 

BABA 21Í . 

Then 

BABA ** Í 21 . 

Thereafter Fuglede’s theorem repeatedly generalized for other operator classes: 

T. Furuta investigated some questions concerning commutation of subnormal 

operators ([4]); K. Tanahashi and et al. proved Fuglede’s theorem for log - and p - 

hyponormal operators ([5], [6]). 

Fuglede’s theorem examines issues of normal operator commutation in ( )HB  

relative to the adjoint of an operator.  In this connection a legitimate question appears 
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whether the statement of Fuglede’s theorem in ( )HB  algebra is true with an 

involution different from the Hermitian conjugate?  

In this article we investigate some questions concerning commutation of normal 

operators in arbitrary finite dimensional involutive algebras. 

 

Finite dimensional involutive algebras 

Let A is algebra over C  field. 

Involution operator in A algebra is called 

AA ®* :  

such that for all AÎba,  elements  and for any CÎl  the following conditions 

are true: 

1) ( ) aa =**   for all AÎa ; 

2) ( ) *** +=+ baba   for all AÎba, ; 

3) ( ) ** = aa ll  for all AÎa , CÎl ; 

4) ( ) *** = abab  for all AÎba, ; 

( )*,A  pair is called an involutive algebra.  

Obviously, the set of bounded linear operators ( )HB  in Hilbert space H  is an 

involutive algebra relative to the adjoint of an operator:  

( )HBÎ®* * AAA ,: . 

Let ( )*,A  is an involutive algebra. Involution * is, in general, not only on A 

algebra. In fact, let q  is a reversible element in A algebra, for which qq =* . Let’s 

define the operator #: 

qaqa *1# -=  

for each AÎa . Then the # operator is involution relative to which ( )#,A  

algebra is an involutive algebra.    

An involutive algebra ( )*,1A  is called *-isomorphic to the involutive algebra 

( )#,2A , if there is an algebra isomorphism 
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21: AA ®j  

such that 

( ) ( )( )#aa jj =*  

for each 1AÎa . 

Let H  is a finite dimensional Hilbert space and ( )nee ,,1 K  is an orthonormal 

basis of H . For each linear operator ( )HBÎA  build a matrix (as a matrix of a 

linear operator) [ ] ( )CM nA Î . Then the mapping 

[ ]AA ®:j  

is a *-isomorphism of algebras ( )( )*,HB  and ( )( )*,CM n . 

Let ( )*,1A  is an involutive algebra. The involution * is called faithful involution 

if from the condition 

AÎ=* aaa ,0  

results that 0=a . 

Let H  is a finite dimensional Hilbert space and ( )HB  is algebra of all 

bounded linear operators. It is obvious that the adjoint of an operator is a faithful 

involution. Define in ( )HB  another involution # such that ( )( )#,HB  algebra  is an 

involutive algebra. Then there is an operator *== QQQ -1  such that involutive 

algebras ( )( )Q*,HB   and ( )( )#,HB  are *-isomorphic, where Q*  involution is 

defined as folows: 

QQAA Q ** = . 

The Q*  involution is true if and only if IQ ±= . Hence, in particular implies 

that the adjoint of an operator is a unique (up to *-isomorphism) faithful involution in 

( )HB  algebra.  

Fuglede’s theorem in finite dimensional involutive algebras 

Fuglede’s theorem in finite dimensional case contains a necessary and sufficient 

condition for normality of an operator. But this result describes only a case of 
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standard involution in ( )HB  algebra i.e. the adjoint of an operator. But whether 

Fuglede’s theorem is true for other involutions different from the Hermitian 

conjugate? 

In W. Rudin book named “Functional analysis” ([7]) an example of not faithful 

involution in ( )CM4  algebra was considered for which Fuglede’s theorem was not 

true.  

Indeed, consider a matrix in the matrix algebra ( )CM4  with the standard 

involution  

 

[ ]
÷÷
÷
÷
÷

ø

ö

çç
ç
ç
ç

è

æ

=

0001
0010
0100
1000

Q . 

The matrix  [ ]Q  satisfies the conditions 

[ ] [ ] [ ]*- == QQQ 1 . 

Define in ( )CM4  an involution #, assuming: 

[ ] [ ][ ] [ ]QAQA *=#  

Consider the matrixes: 

[ ] [ ]
÷÷
÷
÷
÷

ø

ö

çç
ç
ç
ç

è

æ

=

÷÷
÷
÷
÷

ø

ö

çç
ç
ç
ç

è

æ

=

1000
0000
0000
0000

,

0000
0000
0001
0000

21 AA . 

 

The matrixes [ ]1A  and [ ]2A  are normal relative to created involution # i.e. 

[ ][ ] [ ] [ ] [ ][ ] [ ] [ ]2

#

2

#

221

#

1

#

11 , AAAAAAAA == . 

On the other hand 

[ ][ ] [ ][ ]1221 AAAA =  but [ ][ ] [ ] [ ]1

#

2

#

21 AAAA ¹  
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which implies that in ( )( )#,4 CM  algebra Fuglede’s theorem is not true. 

Theorem 4. Lets involutive algebras ( )*,1A  and ( )#,2A  are *-isomorphic. 

Fuglede’s theorem is true in ( )*,1A  algebra if and only if it is true in ( )#,2A  algebra. 

Proof. Lets Fuglede’s theorem is true in 1A  algebra. Let’s show that it is true in 

2A  algebra. Denote via j  *-isomorphism of ( )*,1A  and ( )#,2A  algebras. Then for 

each 22 AÎa  element such that 2
#
2

#
22 aaaa =  and for each 22 AÎb  element  

commuting with 2a ( 2222 abba = ) there exist uniquely defined elements 11 AÎa  and 

11 AÎb  such that ( ) 21 aa =j  and ( ) 21 bb =j . Thus, since j  mapping is *-

isomorphism then 1111 aaaa ** =  and 1111 abba = . Fuglede’s theorem is true in the 

algebra 1A  so ** = 1111 abba . But from this comes out that ** = 2222 abba . Similarly we 

can prove Fuglede’s theorem in the opposite direction. 

Consequence. If ( )( )#,HB  is algebra with faithful involution # then 

Fuglede’s theorem is true in ( )( )#,HB  algebra. 

Proof. Let ( )( ),*HB  is an involutive algebra, * is the adjoint of an operator. 

Since the involution * is a unique (up to *-isomorphism) faithful involution in ( )HB  

algebra then ( )( ),*HB  and ( )( )#,HB  algebras are *-isomorphic. By virtue of the 

theorem 4 Fuglede’s theorem is true in ( )( )#,HB  algebra. 

 

Conclusions 

In the current article an application of Fuglede’s theorem in arbitrary finite 

dimensional involutive algebras is investigated. It is shown that *-isomorphism of 

algebras with involutions saves Fuglede’s theorem. As a consequence of this 

assertion follows that in ( )HB  algebra  of operators in a finite dimensional Hilbert 

space H  with faithful involution # Fuglede’s theorem is true. 
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